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HOMOGENIZATION OF INTEGRAL ENERGIES UNDER 
PERIODICALLY OSCILLATING DIFFERENTIAL CONSTRAINTS 

ELISA DAVOLI AND IRENE FONSECA 


Abstract. A homogenization result for a family of integral energies 

Me / f{ue{x))dx, £^0"^, 

Jn 

is presented, where the fields Ue are subjected to periodic first order 
oscillating differential constraints in divergence form. The work is based 
on the theory of .g/-quasiconvexity with variable coefficients and on two- 
scale convergence techniques. 


1. Introduction 

This paper is the first step toward a complete understanding of homogeniza¬ 
tion problems for oscillating energies subjected to oscillating linear differential con¬ 
straints, in the framework of .e/—quasiconvexity with variable coefficients. To be 
precise, we initiate the study of integral representations for limits of oscillating 
integral energies 

In 

where C is an open bounded domain, e —^ O’*', and the fields G L'p{VI\ 
are subjected to periodically oscillating differential constraints such as 

:= A'’ (^) 0 strongly in (1.1) 

i=l * 

or in divergence form 

N „ 

:= E ^ 0 strongly in R'), (1.2) 

with 1 < p < -boo, A®(x) G Lin (R'^; R^) = for every x G R'^, i = 1, ■ ■ ■ , N, 

d, I > 1, and where a, j3 are two nonnegative parameters. Here, and in what follows, 
stands for the linear space of matrices with I rows and d columns. 

Oscillating divergence-type constraints as in (11.21) appear in the homogenization 
theory of systems of second order elliptic partial differential equations. Indeed, if 
Ue = '^Ve, with Ve G IT^’P(H) for every e > 0, and A'‘(x) = A(x) G for 

i = I,-- - ,A, then considering (HU reduces to the homogenization problem of 
finding the effective behavior of (weak) limits of Ve, where 

div ^ —>■ 0 strongly in 1 < p < -boo. 
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These problems have been extensively studied in the literature (see e.g. m, 13 
Chapter 1, Section 6], [9], and the references therein). 

Different regimes are expected to arise depending on the relation between a and 
/3. Here we will consider /3 > 0, and we will assume that the energy density / is 
constant in the first two variables but the differential constraint in divergence form 
(1121) oscillates periodically. The limit scenario a > 0, /3 = 0 and (11.11) (treated in 
m for constant coefficients), i.e., the energy density is oscillating but the differ¬ 
ential constraint is fixed, and the situation in which a > 0 and /3 > 0, will be the 
subject of forthcoming papers. 


The key tool for our analysis is the notion of .e/—quasiconvexity. For i = 1 ■ ■ ■ ,N, 
consider matrix-valued maps G and define £/ as the differential 

operator such that 

s^v{x) 


dxi 


X G i}, 


for V G R'^), where ^ is to be interpreted in the sense of distributions. We 

require that the operator £/ satisfies a uniform constant-rank assumption (see m) 
i.e., there exists r G N such that 


/ ^ . \ 

rank j A^(x)wi ] = r for every 


wGS^ 


(1.3) 


uniformly with respect to x, where is the unit sphere in K^. The properties 

of j 2 /-quasiconvexity in the case of constant coefficients were first investigated by 
Dacorogna in cni, and then studied by Fonseca and Muller in m (see also m)- 
In [50] Santos extended the analysis of m to the case in which the coefficients of 
the differential operator £/ depend on the space variable. 


Definition 1.1. Let / : ^ K be a continuous function, let Q be the unit cube 

in centered at the origin. 



1 IN^ 
2 ’ 2 / ’ 


and denote by set of smooth maps which are Q-periodic in . 

Consider the set 


C, :={n;eCp“(R'^;R''): [ w{y) dy 

^ Jq 


N 

0,^HXx) 


dw{y) 

^y^ 



For a.e. x G fl, the — quasiconvex envelope of / in a: € H is defined as 


^ 1-^ Qj^f{x,0 ■= inf 


/(^ + w{y)) dy : w G C 3 ,|. 


/ is said to be ^/-quasiconvex if /(^) = Qs^f{x,^) for a.e. x G H and all ^ G 


We remark that when £/ := curl, i.e., when v = V(^ for some (p G R'”), 

then d = m X N, then .cZ-quasiconvexity reduces to Morrey’s notion of quasicon¬ 
vexity (see [Hill nmn]). 

The following theorem was proved in [20] in the more general case when / is 
a Caratheodory function, generalizing the corresponding results m Theorems 3.6 
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and 3.7] in the case of constant coefficients (i.e. A^{x) = A® G for every 

z = ,iV). 

Theorem 1.2. Let ft he an open bounded domain in , let G n 

TT^’°“(r2;z = 1, • • • , iV, d > 1, 1 < p < +oo, and assume that the operator 
£/ satisfies the constant rank condition (O. Let f ^ [0, +oo) he a continuous 
function satisfying 

r*; 0 < f{v) < C(1 + |z;|P), 

l/(^^i) - fM\ < c(l + - ■!;2| 

for all v,vi,V 2 G and for some C > 0. Then — quasiconvexity is a necessary 

and sufficient condition for lower semicontinuity of the functional 

z; n- / f{v{x))dx 

Jq 

for sequences Vg ^ v weakly in LP(S1;K'^) and such that £/vg —s- 0 strongly in 

W-^’P{n;R‘). 

In the case of constant coefficients, in [6] Braides, Fonseca and Leoni provided 
an integral representation formula for relaxation problems in the context oi s/- 
quasiconvexity and presented (via F-convergence) homogenization results for peri¬ 
odic integrands evaluated along 32 /—free fields. Their homogenization results were 
later generalized in |12j . where Fonseca and Krdmer worked still in the framework 
of constant coefficients but under weaker assumptions on the energy density /. 

This paper is devoted to extending the previous homogenization results to the 
case in which £/ is a differential operator with nonconstant L°°-coefficients, the 
energies under consideration are of the type 



where Ug u weakly in LP{n;M.‘^), and 

N „ 

:= ^ strongly in K*) 

i—1 ^ 

for all 1 < g < p. We point out that the result in Theorem 11.21 pO] covers the case 
q = p. Our analysis includes the case when q = p ii the operator has smooth 
coefficients. However, in the general situation when has bounded coefficients, 
the assumption 1 < g < p is required, in order to satisfy some truncation and 
p-equiintegrability arguments (see the proofs of Theorems 14.21 and 15.11) . 

Our starting point is a characterization of the set of limits of vanishing 

helds Ug. We show in Pror)osition l3.4l that a function u G LP{LI; belongs to C‘^ if 
and only if there exists a map w G LP{LI; LPg,.(]R^; M"^)) such that fg w(x, y) dy = 0 
for a.e. x € ft, 

2-s 

Ug —>■ u + w 

strongly two-scale in LP(fl x (see Dehnition 12.11) . and u + w satisfies the 

differential constraints 
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in and 


N 


y))) = 0 


(1.5) 


in R*) for a.e. x € ft. This generalizes the classical characterization of 2- 

scale limits of solutions to linear elliptic partial differential equations in divergence 
form in [2j Theorem 2.3] to the case of first order linear systems. 

For every u € C‘^, we denote by the class of maps w as above. We then 
prove that the homogenized energy is given by the functional 

{ infi.>o inf | limi 
ifuGC^, 

+00 otherwise in LP{fl; 




n->-+oo iS'(n.) 


u weakly in L^’(r2; ] 


where 


T 


(v) := 


iaf { !Q,f{v{x)+ Wn{x,y))dydx : w G ||w||LP(nxQ;R‘i) < 


•7^ (n-) 


if G C; 

+00 otherwise in LP(n; ] 

the classes are defined analogously to by replacing the operators kl*(-) 

with A^{n-) in (na) and (na, and 

cf (-) := {„ e L^in- R'^) : 3w G with ||zcLp(axQ;M^) < n, ^ > «. 

Our main result is the following. 

Theorem 1.3. Let \ < p < +oo. Let A* G i = 1, • • • ,iV, and let 

f : R^ —>■ [0, +oo) be a eontinuous map satisfying the growth condition 

0 < f{x) < 0(1 + |u|^) for every v G R'^, and some O > 0. 

Then, for every u G C‘^ there holds 

inf < liminf / fiu^lxAdx : ^ u weakly in L'^{ft;W^) 

>- ^^0 Jn 

and —i- 0 strongly in 1F“^’'^(0; R^) for every 1 < g < p| 

= inf I limsup f fiueix)) dx : ^ u weakly in LP[n- R'^) 

^ £—>-0 J Q 

and 0 strongly in 1F“^’'^(0; R^) for every 1 < g < p| = 

Remark 1.4. (i) As a consequence of Theorem II.21 we expected the homog¬ 

enized energy to be related to the effective energy for an -quasiconvex” 
envelope of the function /, with the role of the differential constraint .e/ to 
be replaced by the limit constraints dD and d- We stress the fact that 
here the oscillatory behavior of the differential constraint as e 0 forces 
the relaxation with respect to d and (11.51) and the homogenization in 
the differential constraint to happen somewhat simultaneously. Indeed, for 
every n the functional is obtained as a truncated version of a relax¬ 

ation with respect to the limit differential constraints dilated by a factor n, 
and is evaluated on a fixed element of a sequence of maps approaching u, 
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whereas the limit functional is deduced by a “diagonal” procedure, 

as n tends to +oo. 

(ii) The truncation in the dehnition of the functionals a key role 

in the proof of the limsup inequality 

inf < limsup / f{ue{x))dx : ^ u weakly in 

^ 6 —^0 J 

and —>■ 0 strongly in K*) for every 1 < g < p| < 

because it provides boundedness of the “recovery sequences” and thus al¬ 
lows us to apply a diagonalization argument (see Step 3 in the proof of 
Proposition 14.121) . 

(iii) We remark that, as opposed to the case in which the operators A* are 

constant, we cannot expect the homogenized energy to be local, i.e., that 
there exists fhom : x —)► [ 0 , -l-oo) such that 


/ fho 7 n{x,u{x))dx. ( 1 . 6 ) 

Jn 

We show in Example 15.41 that locality in the sense of (jl.611 may fail even 
when the function / is convex in its second variable. 

As in |12) . the proof of this result is based on the so-called unfolding operator, 
introduced in mm (see also [mill] and Subsection IQ) . A first difference with 
m Theorem 1.1] (i.e., with the case in which the operators A® are constant) is the 
fact that we are unable to work with exact solutions of the system = 0 , 

but instead we consider sequences of asymptotically vanishing fields. As 

pointed out in [ 20 ) . in the case of variable coefficients the natural framework is 
pseudo-differential operators. In this setting, we do not project directly onto the 
kernel of a differential constraint , but rather we construct an “approximate” 
projection operator P such that for every held v € L^, the norm of £^Pv 

is controlled by the norm of v itself (we refer to [501 Subsection 2.1] for a 

detailed explanation of this issue, and to the references therein for a treatment of 
the main properties of pseudo-differential operators). 

The crucial difference with respect to the case of constant coefficients is the 
structure of the set . In the case in which the condition ^ 0 is replaced 

hy = 0 , with ^ being independent of the space variable, ca and (na 

decouple (see [121 Theorem 1.2]) becoming separate requirements on w and u. 
However, in our situation they can not be dealt with separately, and this forces the 
structure of the homogenized energy to be much more involved. 

The oscillatory behavior of the differential constraint and its e-dependent struc¬ 
ture render this problem quite technical due to the difficulty in obtaining a suitable 
projection operator on the limit differential constraint. Moreover, due to the cou¬ 
pling between dni) and (11.51) and the dependence of the operators on e, the pseudo¬ 
differential operators method cannot be applied directly here. In order to solve this 
problem, in Lemma 13.21 we are led to impose a uniform invertibility requirement 
on the differential operator. To be precise, we require I x N = d and we assume 
that there exists a positive constant 7 such that the operator A{y) € Lin (R®^; R®^), 
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defined as 


satisfies 


A{y)^ := 




e ^ for every ^ e R‘^, 


(H) Aiy)X-X>j\X\^ 


for every A G and y G R^. 


We remark that assumption {H) is quite natural, as it represents a higher¬ 
dimensional version of the classical uniform ellipticity assumption (see e.g. [2l 
( 2 . 2 )]). 

The strategy of our argument consists in first proving Theorem 11.31 in the case 
in which the operators A* are smooth. The general case is then deduced by means 
of an approximation argument of bounded operators by smooth ones, and by an 
application of Severini-Egoroff’s theorem and p—equiintegrability (see Section [5]). 

Our main theorem is consistent with the relaxation results obtained in [6] in the 
case of constant coefficients. When the linear operators A* are constant, we prove 
in Subsection 15.II that the homogenized energy and Theorem ll. 31 reduce to the 

quasiconvex envelope of / and [SI Theorem 1.1], respectively. 


This article is organized as follows. In Sectionj^we introduce notation and recall 
some preliminary results on two-scale convergence and on the unfolding operator. 
In Section m we provide a characterization of the limits of j 2 //"'-vanishing fields (see 
Proposition l3.4l) . Section Sj is devoted to the proof of our main result, Theorem ll. 31 
for smooth operators The argument is extended to the case in which 

are only bounded in Section |5| 


2. Preliminary results 


Throughout this paper fl C R^ is an open bounded domain and 0(11) is the 
set of open subsets of fl. Q is the unit cube in R^ centered at the origin and with 
normals to its faces parallel to the vectors in the standard orthonormal basis of R^, 
{ei,... , Cat}, i.e., 



1 1n^ 
2’27 


Given 1 < p < -(-oo, we denote by p' its conjugate exponent, that is 


1 

P 



Whenever a map v G LP, C°°, ..., is Q—periodic, that is 


v{x + ei) = v{x) z = 1,... ,7V 

for a.e. x G M^, we write v G ..., respectively. We will implicitly 

identify the spaces LP{Q) and L]]gj,(R^). We designate the Lebesgue measure of a 
measurable set A C R^ by |A|. We adopt the convention that C will stand for a 
generic positive constant, whose value may change from expression to expression in 
the same formula. 
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2.1. Two-scale convergence. We recall the definition and some properties of 
two-scale convergence which apply to our framework. For a detailed treatment of 
the topic we refer to, e.g., miiiiiis]- Throughout this subsection 1 < p < -|-oo. 


Definition 2.1. If u G L^{Q; and {ue} G LP(n;K‘^), we say that 

, 2 _ s 

{me} weakly two-scale converge to v in L'p{VI x v, if 




v{x,y) • p(x, 2 /) dydx 


for every ip € (fl; Cper(R^; 

We say that {ue} strongly two-scale converge to v in x (5;K.“), ite —>■ v, if 

2—s , 

Us ^ V and 

li™, lke|lLP(a;R‘') = lkllLP(nxQ;R<i) ■ 


Bounded sequences in are pre-compact with respect to weak two-scale 

convergence. To be precise (see [H Theorem 1.2]), 

Proposition 2.2. Let {we} C be bounded. Then there exists v G 

LP(n; M^)) such that, up to a subseguence, Ug v weakly two-scale, 

and, in particular, 

Ue^u:= [ v{x,y)dy weakly in LP{n;R^). 

JQ 

The following result will play a key role throughout the paper in the proofs of 
limsup inequalities (see [U Lemma 1.3], [22l Lemma 2.1], and [HI Proposition 2.4, 
Lemma 2.5 and Remark 2.6]). 

Proposition 2.3. Let u G LP(n;C'per(R^;R‘^)) or v G Then 

the sequence {ue}, defined as 

Ue{x) := v^x, j'j 

is p— equiintegrable, and 

2 _ g 7 

Us V strongly two-scale in LP{Ll]Rr). 


2.2. The unfolding operator. We collect here the definition and some properties 
of the unfolding operator (see e.g. [51171 


Definition 2.4. Let u G LP{n;M.‘^). For every £ > 0 the unfolding operator 
Tg : LP{Ll-,'Mfi) LP■, LP^fiR ^is defined componentwise as 


Ts{u){x,y) := u^e — -|-£(y — [i/J)^ for a.e. x G fl and y G K'^, (2.1) 

where u is extended by zero outside VL and [-J denotes the least integer part. 


Proposition 2.5. Tg is a nonsurjective linear isometry from LP{n;R‘^) to LP{R^ x 


The next theorem relates the notion of two-scale convergence to LP convergence 
of the unfolding operator (see [221 Proposition 2.5 and Proposition 2.7], [HI Theorem 
10 ]). 
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Theorem 2.6. Let Lt be an open hounded domain and let v G LP{Lt; K'^)). 

Assume that v is extended to he 0 outside LI. Then the following conditions are 
equivalent: 

(i) V weakly two scale in LP{il x (5;K“), 

(ii) TgUg V weakly in x Q;R'^). 

Moreover, 

V strongly two scale in L^{Ll x Q;R“) 

if and only if 

TgUg —>■ V strongly in X 

The following proposition is proved in [121 Proposition A.l]. 

Proposition 2.7. If u G (extended by 0 outside il) then 

llrt — 7eW||LP(B-NxQ;R‘i) 0 

as £ —>■ 0 . 


3. Characterization of limits of .2//‘'"-vanishing fields 

Let 1 < p < +CXD, and for every e > 0 denote by : LP{GI;R‘^) —>■ 

the first order differential operator 

N „ 

(3-1) 

2=1 


for u G LP{Gt;M.'^). In this section we focus on the case in which the operators A* 
are smooth and Q—periodic, A® G for all* = 1, • • • , We will 

also require that N xl = d, and for every y G R'^ the operator A{y) G Lin (R'^; R^), 
defined as 


Ay)^ ■= 


/ iAHy)0^ 


G ^ R'^ for every ^ G R'^, 


satisfies the uniform ellipticity condition 

A{y)X ■ A > 7 |Ap for every A G R"* and p G R^ 


(3.2) 


where 7 > 0 is a positive constant. 

We first prove a corollary of [Ml Lemma 2.14]. 


Lemma 3.1. Let 1 < p < +00 and consider the differential operator 

div : LP(g;R^) ^ W-^'P{Q) 


defined as 

divi? := every R G LP{Q-M.^). 

Then, there exists an operator 

T : LP(Q;R^) LP(Q;R^) 

such that 

(PI) T is linear and hounded, and vanishes on constant maps, 
(P2) T o Ti? = Ti? and div (Ti?) = 0 for every R G LP{Q-M.^), 
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(PS) there exists a constant C = C(p) > t) such that 

||i? — Ti?||2,P(Q;RN-) < C||divi?||^y-l,p(Q), 

for all R G LP{Q; R'^) with Jg Riy) dy = 0, 

(P4) if {v^} Is bounded in L^{il x Q;M.^) and p—equiintegrable in id x Q, 
then setting w”(x, •) := •) for a.e. x G it, the sequence {w”} is 

p—equiintegrable in it x Q, 

(P5) if if G n 

p{x, ■) := T'0(a;, •) for every x G R'^, there holds p G C^(ri; C'pg^(R'^; R-^)). 

Proof. We first notice that we can rewrite the operator div as 

divi?:= for every i? G LP(g;R^), 

where G Lin (R-^; R), := for every i,m = 1, ■ ■ ■ ,N. 

For every A G R^ \ {0}, we associate to div the linear operator 

N 

D(A) := D^Xi G Lin (R^; R). 

i=l 

By [Ml Remark 3.3 (iv)] the operator div satisfies the constant rank condition (11.31) . 
Properties (PI), (P2) and (P3) follow directly by [TH Lemma 2.14]. The proof of 
(P4) is a straightforward adaptation of the proof of [HI Lemma 2.14 (iv)]. For 
convenience of the reader, we sketch the proof of (P5). 

Fix i) G C'i(fl;C'pV(R^;R^))nLF2'2(ll; VFp2’2(R^;R^)). For every A G R^\{0}, 
let P_d(A) : R'^ —>■ R^ be the linear projection onto KerD(A). Writing the operator 
T explicitly (see [Ml Lemma 2.14]), we have 

T^{x,y):= Y Pi9(A)^(x,A)e2-^-^ 

Aez«\{o} 


where 

tp{x,X):= f ijj{x,z)e~‘^'^'^^'^ dz, for A G \ {0} and a; G fl, 

JQ 

are the Fourier coefficients associated to ip{x, •). 

By the regularity of tf and by Plancherel’s theorem for Fourier series, we obtain 
that 


471' 


Y |A*Pl^(a;,A)|2 

AeZ'Vy^Qj ; 


dip{x,y) 


dVi 


L2((3;RW) 


< C, for every x G it, 


for z = 1, • • • , iV. Therefore, by [TH Proposition 2.7] and by Cauchy-Schwartz’s 
inequality, for every n G N there holds 


^ |Pz9(A)i/i(a;,A)e2-^-^ 

AGZ"\{0}, |A|>n 


< 


C'( ^ |V;(x,A)nAp)"( ^ 

AeZ"\{0} AeZ''\{0}, |A|>n 


<C Y l^(a^>A)| 

AeZW\{0}, |A|>n 

1 

^2. 
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i: w)'’ 

AeZ'V\{0}, |A|>n ' 

The previous inequality implies that for every n the tail of the series of functions 

^ (3.3) 

Aez'v\{o} 

is uniformly bounded by the tail of a convergent series. This yields the uniform 
convergence of the series in (13.3|) and hence the continuity of the map Ttp{x,y). 
The differentiability of ?/) follows by an analogous argument. □ 


Using the previous result we can prove the following projection lemma. 

Lemma 3.2. Let 1 < p < +oo, let i = I,-- - with A 

satisfying the invertibility requirement in (13.21) . Let C LP{n x be 

such that 

^ V weakly in L'^{Vl x 

^ d r 

——( I A^{y)v^{x,y) dy') ^ 0 strongly in W~^’^{LI;'M}), (3.5) 


(3.4) 


N 


dxi 

d 


Q 


'^—(A%y)v^{x,y))^0 strongly in LP{n;W (3.6) 

Then there exists a subsequence {?;”'=} and a sequence {w^} C LP{LI x Q;W^) such 
that 


yn, _^k strongly in LP(0 x Q- K^), 


(3.7) 


^ B r 

E ^ ( y X^\y)wHx, y) dy) = 0 in R'), (3.8) 


2=1 

N 


—— {A^ly)w^{x,y'^=0 inW ^’^(Q; R*)/or a.e. x € LI. (3.9) 


Proof. We first notice that (I3.4I) - (|3.6I) imply that 


^3 r 

X]^(y XV{y)v{x,y)dy'^ in lU"^’P(f2;R'), 


2=1 

N 


= 0 in lU ^’^(Q;R*) for a.e. a; G fl. 

By linearity, it is enough to consider the case in which u = 0. Moreover, up to a 
translation and a dilation, we can assume that LI is compactly contained in Q. 

By the compact embedding of LP(n;R‘^) into lU“^’P(n; R'^), and by (j3.4|) and 
(j3.5[) . for every p G C'^iLl] [0,1]) there holds 
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strongly in W On the other hand, by (I3.6|) 

N „ 


VE-i.P((3;]i; 


0 strongly in L^(0). 


Therefore, we may consider a sequence {(fik} C [0,1]) with and such 

that, setting := ipkv'^ and extending by zero to Q \ O and then periodically, 
there holds 

Ufc ^ 0 weakly in L^iQ x Q; W^), 

N „ 

A\y)il{x,y)dy) strongly in R'), 


2 = 1 
N 




—>■ 0 strongly in L^iQ), 

lT“l.P(Q;Ri) 

as n ^ +00, k —>■ +oo. 

By a diagonal argument we extract a subsequence := such that 

^ 0 weakly in U’{Q x (5;R‘^), (3.10) 

Y „ 

A\y)v\x,y)dy)^Q strongly in IT-1’P(Q;R'), (3.11) 


2 = 1 
N 




dy^ 


x,y 


VE-np(Q;Ri) 


0 strongly in L'^{Q). (3.12) 


Z = 1 

Define the maps 

Rf{x,y):=A^(y)v^{x,y) ior a.e. x G Q and y G Q, i = 
and let G LP{Q x (5;R‘^) be given by 

R'lj ■= for alH = 1, • • • , TV, j = 1 • • • , L 

By (Eia-im, 

^ Q weakly in L^(Q X Q;R^), (3.13) 


N 


d 


2=1 

N 


AH 


dxi '.jQ 




VE-Tp(Q; 


0 strongly in lT"^’P(g;R'), (3.14) 

—>■ 0 strongly in LP{Q). (3.15) 


Using Lemma l3.ll we consider the projection operators T^, and Ty onto the kernel of 
the divergence operator with respect to x and the divergence operator with respect 
to y in the set Q. We have 


'^x(^jR'"{x,y)dy-J j R^{w,y)dydw^ 

-( [ R^[x,y)dy- [ f R^{w,y)dydw) 
^JQ JqJq ' 

II ^ 5 r 


(3.16) 
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and 


Ty(^R^{x,y) - f R^{x,z)dz^ - [R'^^x^y) - f R^{x,z)dz^ 

J Q 'j G 


LP(QxQ;R‘^) 

(3.17) 


< C 


N 




1 E-Cp(Q;R‘) 


ip(Q) 


which in turn yields 

J y) - y R^{x,z)dz'^ dy 


LP(Q-,Rd.) 


(3.18) 


j ^y{^R^{x,y) - j R^[x,z)dz'^ - {R^[x,y) - j R^{x,z)dz'^ 


dy 


LP(Q;R‘i) 


< c 


N 




1E-1>P(Q;R!) 


iP(Q) 


Set 


S\x,y):= T, (i?'= {x,y) - j ^R\x, z) dz) - j^ (t, (r\x, z) - j ^R\x, 0 d^) ) dz 

+ Ta;f f R^{x,z)dz— f f R^ {w, z) dz duh + f f R^{w,z)dzdw 

^JQ Jo Jo ' Jo Jo 


for a.e. {x,y) gQ x Q. Combining (I3.13I1 - (I3.16I1 . we deduce the inequality 
P'=-^''IIlp(QxQ;R<^) (3.19) 


< 


Ty ix,y)- I^R'^ix, z) dz) -(^RHx,y) 

R^{x,z)dz — J y R^(w,z)dzdvj) 
- ^ y R^(x, z) dz — w, z) dz dw) 

I T,(i?"(x,z)- y R’^{x,Od^) dz 


- / i?'= 

Jq 


(x, z) dz) 


LP(QxQ;R‘^) 


LP(Q;R‘i) 


LP((3;R'^)) 


[ [ R'"{x,y)dydx 
Jq Jq 


whose right-hand-side converges to zero as fc —>■ -l-oo. On the other hand, by Lemma 
13.II there holds 

y = 0 in W-^’P{Q) for a.e. xGQ, (3.20) 

N 


Yl-^Xj^br{x,y)dy) =0 in IL ^’^(g), 


(3.21) 


for every k, for all r = 1, • • • , 

Finally, define 

/ S^{x,y) 

w’^{x,y)-.= A(]j)~^ : 

V S%{x,y) 


for a.e. x G ft and y G 


i,N 
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(where the components Sf are defined analogously to the maps i?f). Properties 
(I3.8[l and (j3.9|l follow directly from (|3.20|) and (j3.21() . Condition (I3.7|l is a conse¬ 
quence of the boundedness of A~^ (due to (13.21) ') and (13.191) . □ 

Remark 3.3. By property (P4) in Lemma 13.11 the boundedness of the operators 
A*, i = 1, • • • ,N, and the uniform invertibility condition (13.2L it follows that if 
{u"} is p-equiintegrable, then is p-equiintegrable as well. 

In view of property (P5) in Lemma IQ if e i = I-■■ ,N, 

and {u”} C C((“(n; then the sequence {w^} constructed in the proof 

of Lemma 13.11 inherits the same regularity. 


In order to characterize the limit differential constraint, for u G and 

n G N we introduce the classes 

Cf (’"■) := g LP{n-, M^)) : J w{x, y) dy = 0 for a.e. a; G II, (3.22) 

^ d r 

+w{x,y))dy^ =0 in IP"^’P(0; R*), 

N „ 

—— (A^{ny){u{x)+w{x,y))\ =0 in 11^“^’^(Q;R*) for a.e. cc G nj, 

i=l 

and 

C^(n-) g LP{n;R‘^) : ^ 0}. (3.23) 

For simplicity we will also adopt the notation := and := 

Lemma [3^ allows us to provide a first characterization of the set in the case in 
which A^ G C'“,(R^;M'><'^), i = I-- - ,iV. 


Proposition 3.4. Let 1 < p < - 1 - 00 . Let A^ G C“j.(R ^;i = 1, - ■ ■ ,N, with 
A satisfying the invertibility requirement in (13.21) . Let C‘^ be the class introduced 
in (13.231) and let be the operator defined in (13.11) . Then 

G LP(fl;R'^) : there exists a sequence {ue} C LP{n-R‘^) such that 

(3.24) 

Ue u weakly in LP{Lt;'Rf) and —>■ 0 strongly in VF“^’^(II;R^)|. 


Moreover, for every u G and w G there exists a sequence {ue} C LP{Q;W^) 
such that 

Ue —>■ uw strongly two-scale in LP{Q x Q;R'^), 


and 


—>■ 0 strongly in W ^’^(11; R^ 


Proof. Denote by V the set in the right-hand side of (I3.24|l . We divide the proof 
into two steps. 

Step 1 : We first show the inclusion 

V c C^. 


Let u GV, and let {ue} C L^(II;R'^) be such that 

e ^ u weakly in L^(H;R'^) 


u, 


(3.25) 
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and 

0 Strongly in W-^’P{n; K*). (3.26) 

Consider a test function if; € We have 

i’) ^ 0, (3.27) 

where (•, •) denotes the duality product between VF“^’P(n;R*) and (r2;IR*). 

By definition of the operators , 

(42//"'ue, i/j) = — f A'’ {—\ue{x) ■ dx for every e > 0. 

Jn~^ ^ e ^ oxi 


By Proposition 12.21 there exists a map w G L^’(ff; LPgj.(]R'^; M^^)) with 
/g w{x, y)dy = 0 such that, up to the extraction of a (not relabeled) subsequence 

Ue ^ V weakly two-scale (3.28) 


where 

v[x,y) := u{x) + w{x,y). 

for a.e. x G id, y G R^. Hence, by the definition of two-scale convergence, 

Ip) ^ - [ [ '^A\y)v{x,y) ■ ^^P^dydx, 

Jn JQ ^ 9x^ 

and by (13.271) we have that 

^8 r 

A\y){u{x)+w{x,y))dy^ =0 in R'). 


(3.29) 


(3.30) 


Let now ip G C'pg,.(M'^;R*), ip G Cl{^), and consider the sequence of test func¬ 
tions 

Pe{x) := eip(^—'^'ip{x) for a; G R^. 

The sequence {pe} is uniformly bounded in (H;R*), therefore by (I3.26p 

V>e) ^ 0, (3.31) 

with 


K-“x,»..) = -^|;/i-(f)«.w ■ (g(f)i!.w + 

for every e. Passing to the subsequence of {ue} extracted in 
the definition of two-scale convergence, we obtain 

[ [ y] A\y)v{x, y) ■ ip{x) dy dx = 

Jn Jq (^y^ 



(13.281) . and applying 

0 


for every p G C'pg;.(R^;R^) and ip G Cp{n). By density, this equality still holds for 
an arbitrary p G Wq’P ((5;R^), and so 

rH*(i/)(u(x)-I-w(a:, 1 /))^ = 0 in W“^’^((3;R*) for a.e. X G H. (3.32) 
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Combining ()3.30|1 and (I3.32|) . we dednce that u € . 

Step 2: We claim that C V. Let u G C'^, let w G C^, and set 

v{x, y) := u(x) + w(x, y) for a.e x G fl and y G R^. 

Let {i;4 C be such that 

vs ^ V strongly in L^(fl X (3;R‘^). (3.33) 

The seqnence {t^} satisfies both (13.51) and (13.61) . hence by Lemma [3^ and Remark 
13.31 we can construct a sequence {ria} C C'“j,(R^; R'^)) such that 

vs ^ V strongly in L^(r 2 X ( 5 ;R‘^), ( 3 . 34 ) 

Yl-^{j^^"(y)'^six,y)dy'j =0 in R'), ( 3 . 35 ) 

and 

N „ 

—— (A^(y)vs{x,y)) = 0 in W^’^((5;RM for a.e. x G fl. (3.36) 


Consider now the maps 

■u|(x) := vs(x, ^ 

for every x GO,. By Proposition 12.31 we have 

Vs strongly two-scale in L^iO x (3;R'^) 
as e ^ 0, and hence, by Theorem 12.61 

TgUs ^ Vs strongly in L^(R'^ X (3;R‘^) ( 3 . 37 ) 

(where Tg is the unfolding operator defined in ( 12 . 11 ) 1 . We observe that by ( 13 . 3611 . 




for all X G ft, for every ^ and 6. Moreover, by Propositions 12.21 and 12.31 

AT N 

' X \ OV5 ( X ^ 


I—I 2 = 1 ^ 

AI „ ^ 


(3.38) 


(3.39) 


as e ^ 0, weakly in where the last equality follows by (I3.35|) . Finally, 


<"“K-) = EA(v(f)«Kx)) 




eJ dyi 


X 


1—1 


since 
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by (I3.38|l . (I3.39|) . and the compact embedding of LP into W ^’P, we conclude that 

strongly in ( 3 - 40 ) 

as e 0. Collecting (I3.34|l . (I3.,37L and (I3.40|) . we deduce that 

“ (w + ^i')IUr(nxQ) + = 0. 

By Attouch’s diagonalization lemma [31 Lemma 1.15 and Corollary 1.16], there 
exists a subsequence {d(e)} such that 

{\\TeUs{e) - iu + w)llLP(nxQ) + lllV“i.P(n;R!)^ = 0. 

Setting u‘^ := we finally obtain 

0 strongly in lL“^’P(r2;M*) 


and 

u® ^ u + w strongly two-scale in L^’(r2 X Q; R ), 
and hence, by Proposition [2^ 

^ u weakly in R'^). 

This yields that u GV and completes the proof of the proposition. 


□ 


Remark 3.5. The regularity of the operators A® played a key role in Step 2. In 
the case in which A® G i = 1, • • • ,N, but we have no further 

smoothness assumptions on the operators, the argument in Step 1 still guarantees 
that 

|u G LP(fi;R‘^) : there exists a sequence {itg} C L^(f2;R‘^) such that (3-41) 
Ug ^ u weakly in LP{Q.] R®*) 

and —>• 0 strongly in R*) for every 1 < g < C C‘^. 

Indeed, arguing as in Step 1 we obtain that there exists w G LP{ft; LP^^{M.^ 
with Jg w{x, y) dy = 0, such that 

Ue U + W weakly two-scale in x (5;R ), 

and 

iv „ 

^(y A®(y)(u(a;)-f ii;(a;, 2 /))dy) = 0 in R*) (3.42) 

N „ 

——(A®( 2 /)(u{a;)-I-rc(a;, ?/)))= 0 in R*) for a.e. x G 11, 

for all 1 < g < p. Since u -I- w G LP(fl; LPgr(R^; R®^)), it follows that (13.421) holds 
also for q = p. Therefore we deduce the inclusion (13.411) . 

The proof of the opposite inclusion, on the other hand, is not a straightforward 
consequence of Proposition 13.41 In fact, in the case in which the operators A® are 
only bounded, the second conclusion in Remark 13.31 does not hold anymore, and 
we are not able to guarantee that the projection operator provided by Lemma 13731 
preserves the regularity of smooth functions. Therefore, the measurability of the 
maps is questionable (see jU discussion below Definition 1.4]). This difficulty 
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will be overcome in Lemma 15.31 by means of an approximation of the operators A* 
with C°° operators. 


4. Homogenization for smooth operators 


We recall that 




:=inf| J j f{u{x) + w{x,y))dydx : w G <7-} 

"" (4.1) 


for every u G ^ and r > 0, where 


:= {i; G L^in-X) : 3u; G Cf ("4 with ||n;||z,P(OxQ;K<^) < t-}, 
+00 otherwise in L7’(H; ] 




for every r > 0, and 

{ infr>o inf | liminf„^+oo ^ u weakly in LP(H; ] 

ifuGC^, 

+00 otherwise in L7’(r2; ] 


(4.2) 


(4.3) 

Remark 4.1. We observe that for every u G C'^ there holds 

S := |{wn} : Un ^ u weakly in L^(f2;]R'^), Un G for every n G n| ^ 0 

and ^jsr{u) < + 00 . Indeed, let u G C'^ and w G . Then a change of variables 

and the periodicity of w yield immediately that 


/ w{x,ny)dy 
JQ 


= 0 for a.e. x G H 


and 


^ ^ ( y ("^*(’^2^)(^(^) + “'(^’ ^y) = ^ R'). 


i=l 

Proving that 

" a 

—— {A‘{ny){u{x) + w{x, ny))) =0 in R^) for a.e. x G H 

i=i 

is equivalent to showing that 

^ f) 

—— (A'^(y)(u(x)+w(x,y)))=0 in RM for a.e. x G H. (4.4) 

U^y^ 

To this purpose, arguing as in Step 2 of the proof of Proposition 13.41 construct 
{t)'*} C C°°{Vt- (R^;R'^)) such that 


^ u + w strongly in LP(H x QiR'^), 

^ O p 

X]^(y {A\ny)v\x,y))dy'^ =0 in R*), 

2 = 1 * ^ 


(4.5) 


(4.6) 
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f) 

—— {A'^{y)v^{x,y)) = 0 in K*) for a.e. x G il,. (4.7) 

i=l 

By the smoothness and the periodicity of {'C'^} there holds 
^ f) 

—— {A^{y)v^{x,y)) =0 in for a.e. x 

i=i 

and (1441) follows in view of (1431) . By the previous argument, w{x,ny) G \ 
therefore the set S contains always the sequence Un '■= u for every n. 

Theorem 4.2. Let 1 < p < +oo. Let A^ G * = 1, • • • , assume 

that the operator A satisfies the invertibility requirement in (13.21) . and let 
he the operator defined in en). Let f : > [0, +oo) be a continuous function 

satisfying the growth condition 

0 < f{v) < C(1 + |n|^) for every v G R'^, (4.8) 

where C > 0. Then, for every u G LP{Lt;'Ef) there holds 

inf \ liminf / f(ue{x))dx : ^ u weakly in L^(fl;R‘^) 

I- Jn 

and —>• 0 strongly in lT“^’^(r2; R*)| 

= inf I limsup f fiueix)) dx : ^ u weakly in LP{n-W^) 

and —7- 0 strongly in R*)| = J^s^fu). 

Before starting the proof of Theorem 14.21 we first state without proving a corol¬ 
lary of [m Lemma 2.15] and one of [HI Lemma 2.8], and we prove an adaptation 
of [141 Lemma 2.15] to our framework. 

Lemma 4.3. Let 1 <p < -|-oo. Let {ue} be a bounded sequence in LP{LI;M.^) such 
that 

divug—>-0 strongly in (4.9) 

and 

Ui: ^ u weakly in L^(f2;R^). 

Then there exists a p-equiintegrable sequence {me} such that 
div{tE = 0 inW~^'^{Tl) for every e, 

Ue — We —>■ 0 strongly in L^(Lt-, R^) for every 1 < q < p, 

^ u weakly in 4^(11; R^). 

Remark 4.4. A direct adaptation of the proof of [HI Lemma 2.15] yields also that 
the thesis of Lemma 14.31 still holds if we replace (14.91) with the condition 

divuE —>• 0 strongly in 

for every 1 < q < p. 

Lemma 4.5. Let 1 < p < -|-oo, and let D C Q. Let {ue} C L^(Z1;R^) be p- 
equiintegrable, with 


Ue ^ 0 weakly in L^{D;R^) 
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and 


divug ^ 0 strongly in W 

Then there exists a p-equiintegrable sequence {we} C such that 

Me — Me —>■ 0 strongly in L^(D;R^), 

Me —>■ 0 strongly in LP{Q\D-,M.^), 
divMe=0 inW~^’^{Q), 
l|■“ellLP(Q;R^) ^ C'||'«e IIlj>(_D;R'^) ; 

/ Us{x) dx = 0 for every e. 

Jq 


More generally, we have 

Lemma 4.6. Let 1 < p < +c», u € LP{LI;M.‘^) and let {m"^} C LP{H;M.‘^) be such 
that 


Us ^ u weakly in LP{n;W^) (4-10) 

0 strongly in W-^’P{n;R^). (4.11) 

Then there exists a p-equiintegrable sequence {me} such that 
Us ^ u weakly in LP{fl;W^), 

£/^^''us —>■ 0 strongly in R*) for every 1 < q < p, 

Us — Us ^ 0 strongly in for every I < q < p. 

Proof. The proof follows by adapting [141 Lemma 2.15]. We sketch it for conve¬ 
nience of the reader. 

Consider the truncation function 


Tk{z) := 


if l^l < k, 

(^) if|2|>fc, 


and set u^ := o Us- Then by (|4.10|1 . 

u^ ^ u weakly in LP(yi\ R'^) 
as fc —>■ -foo and £ —> 0, in this order. Moreover, by (14.101) 

29 


l^e “ellL'>(n;I 


< 


We I 


29|m£(x)|9 dx < 


kP-1 


[ |we(a:)| 
JQ, 


Pdx^O 


as k ^ -foo, for every 1 < g < p. Therefore, 

£/^"'{u'^ — Us) —>■ 0 strongly in lT“^’9(n;R*) 
as fc —i> -1-00, for every 1 < g < p, and by (14.111) 

^ 0 strongly in W-^’%n; R') 

as fc —>■ - 1-00 and £ —?> 0 in this order, for every 1 < g < p. The thesis follows now 
by a diagonal argument. □ 


The following propositions is a corollary of m Proposition 3.5 (ii)]. 
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Proposition 4.7, Let f : 'Mr —>■ [0,+oo) be a continuous map satisfying 
for some 1 < p < +oo. Let {ue} C be a bounded sequence and let 

{me} C LP{n;R.‘^) be p-equiintegrable and such that 


Then 


Me — Up 0 in measure. 


liminf / /(^^(a;)) dx > liminf / f{ug[x))dx. 

Jn Jn 


Moreover, if g : x R'^ [0, +cx)) satisfies 

(i) is measurable and Q-periodic for every ^ G R'*, 

(a) g{y, ■) is continuous for a.e. y G R^, 

(Hi) there exists a constant C such that 


0 < g{y, C) < C{1 + \(\P) for a.e. y G R and ( G 


then 


liminf / oT—, Me(x)) dx > liminf / q{ — ,uJx)\dx. 

The next proposition is another corollary of m Proposition 3.5 (ii)]. We sketch 
its proof for the convenience of the reader. 

Proposition 4.8. Let 1 <p < +oo and A G (0,1]. Let g : R-^ x R'^ —>■ [0,+oo) be 
such that 

(i) g{-,f,) is measurable and Q-periodic for every f G R*^, 

(ii) g{y, •) is continuous for a.e. y G R^, 

(Hi) there exists a constant C such that 

0 < g{y,0 < C{1 + 1^1^) for a.e. y G R^aad ( G R”^, 

and let V be a p-equiintegrable subset of L^iLl x Q\ R'^). Then there exists a constant 
C such that 

g(f,Vi{x,y)j - g(f,V2{x,y)^ LUQxO) ~ “'^2||Li>(nxQ;R-i) 


for every vi,V 2 G V. 


Proof. Fix e > 0. By the p-equiintegrability of V and (Hi) there exists di > 0 such 
that for every E C LI x Q measurable with \E\ < di, and for all n G P, there holds 


/eKv’’<*'»>) 


dx dy < 


T 


(4.12) 


In view of the p-equiintegrability of V, there exists also E > 0 such that 


sup |{|m| > R}\ < —. 

v^V ^ 


(4.13) 


Without loss of generality, up to a translation and a dilation, we can assume that 
Lt C Q. By Scorza-Dragoni Theorem (see e.g. [121 Proposition B.l]) there exists a 
compact set df C Q such that 




(4.14) 
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and g is uniformly continuous on K x BaiO). Hence, by the periodicity of g with 
respect to its first variable, there exists 62 > 0 such that 

(4.15) 

for every .^ 1 , ^2 G 5^(0) such that |^i — ^ 2 ! < <^2 and g € K + . We observe that 

by Chebyshev’s inequality there exists ^ > 0 such that if 

Ikl - 'a2||LP(nxQ;R‘^) < (4.16) 

then 

|{|vi - U 2 I > i 52}| < (^i- (4.17) 

Let v\,V 2 &V he such that (14.1611 holds true. Decompose the set D x Q as 

D X Q = {|ui - ■!; 2 | < <^ 2 } U {lui - U 2 I > i 52 }. 


By (|4.12|) and (j4.17|) . we have 

./{|iii-i;2|>52} 


X,y 


l(J^,V2ix,y)^ 


dydx < 


2 e 

Y' 


We perform a decomposition of the set {|ui — U 2 I < <52} as 

{|ui — ?; 2 | < ^ 2 } = {l^^i — T 2 I < 62 , It'll < i? and |w 2 | < R} 
U {|ui - U 2 I < 62 , max{|ui|, |u 2 |} > i?}. 


In view of (I4H^ . 

|{|fi - W 2 I < ^ 2 , max{|wi|, |w 2 |} > R}\ < |{|ti| > 77}| + |{|t 2 | > i?}| < 5i, 
hence by (|4.12p 


/ 

./th 


g{j,vi{x,y)j - g(^j,V2ix,y)^ 


f {\v\—V2\<52, max{|i!i |,|'D 2 |}>^} 

Defining m\ := + 1, by (14.141) and since A < 1 there holds 

1 


, , 2e 

dydx <—■ 


2mxX = 2x(l+ — )<2A+1<3, 


and 


<5i 


|Q\A(iL + Z^")| < A^|[-mA,mA]^"\(iL + Z^")| < A^"(2mA)^|g\X| < p. (4.18) 

Setting Efi := {jui — U 2 I < <52, |i^i| < R and |u 2 | < i?}, a further decomposition 
yields 

Er = {Er n [d X (q \ xiK + z"^))]} u {Er n [d X (g n A(x + z"^))]}. 

By (I4.12|) and ()4.18ll we obtain the estimate 

g(J^,vi{x,y)) - g(^j,V 2 {x,y)^ dy dx <^- (4.19) 


L 


I ERninx{Q\\iK+i,^))] 

and by (14.151) . 


J ERn[nxiQn\{K+i,!^))] 

The thesis follows combining (I4.16I1 - (I4.20I1 . 


g(J^,vi{x,y)j - g(^j,V 2 {x,y)^ dydx\<^. (4.20) 


□ 
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We now start the proof of Theorem 14.21 First we prove the liminf inequality. 
The argument relies on the use of the unfolding operator (see Subsection 12.21 and 
[H Appendix A] and the references therein). 

Proposition 4.9. Under the assumptions of Theorem \4.2\ for every u G 
there holds 

inf < liminf / f{uAx))dx : ^ u weakly in 

I- in 

and -G 0 strongly in R*)| > (4.21) 

Proof. Let be the class introduced in (13.231) . We first notice that, by Proposition 
133 if u e LP{n-, R^) \ then 


|{m£} C LP(fl;R‘^) : Ug ^ u weakly in LP{fl;R‘^) 

and £/^"'ug —)> 0 strongly in IR*)}| = 0, 

hence (14.211) follows trivially. 

Define g : x ^ [0, +oo) as 

9{y, 0 = for every y € R^, and ^ G R"*. 

By the continuity of /, g is measurable with respect to the first variable (it is the 
composition of a continuous function with a measurable one), and continuous with 
respect to the second variable. By (14.81) . there holds 

0 < g{yA) < Cil + \A{y)-^fn < C(1 + m, (4-22) 

where the last inequality follows by the uniform invertibility assumption (13.21) . We 
divide the proof of the proposition into five steps. 

Step 1: We first show that for every u G C'^ there holds 

inf I liminf f f(ug{x))dx: Ug ^ u weakly in L^(r2; R"^) (4.23) 

^^0 in 

and sA^^'^Ug —> 0 strongly in lT“^’^(f2;R*)| 

> inf inf < liminf / q\ — ,Vg„{x)] dx ■. 

- I n^+oois^^V£„ V 

Vg^ I A{y){u{x) + w{x,y)) dy weakly in L^’(D; R'^), 

JQ 

divue„ —)> 0 strongly in R*), 


and 




u weakly in L^(D;R'^) >. 


Indeed let u G and let {ug} be as in (14.231) . Up to the extraction of a 
subsequence {Sn}, 

liminf / f{ug{x))dx= lim / f{ug^{x))dx, 

in n->+oo Jq 

and by Proposition 12.21 there exists w G such that 

«£„ u + w weakly two-scale in L^(D x Q;R‘^). (4.24) 
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By the definition of g it is straightforward to see that 

lim / f {ue„{x)) dx = lim / g [— ,a( — ]ue„{x)] dx. 

n->+oo Jq n-J'+oo Jq Ve„ ' 

Setting Ve„ '■= A{f-)ue^, in view of the assumptions on {we} in (|4.23l) . it follows 
that 

N „ 

divi;e„=^-—0 strongly in R*), 

CJXo ' ' £t} ^ ^ 


2=1 


and 




r —'j ^ u weakly in L^( 17; M^). 

' Sn ' 


(4.25) 


Finally, by (I4.24|) for every ip G U' (17; there holds 

lim / Ve„{x) ■ ip{x) dx = lim / u^^^x) ■ Al —) ip{x)dx 
n^+ooj^ n^+ooj^ V 7 

= / / {u{x) +'W{x,y)) ■ Aiy)'^ip{x)dydx. 

Jn Jq 

This completes the proof of (14.231) . 

Step 2: We claim that 

inf inf < liminf / g( — (x)] dx : (4.26) 

wec^ |^"->-+o°7n ^ 

Te„ ^ / A{y){u{x) + w{x,y)) dy weakly in L^( 17; R'^), 

Jq 

divTe,^ ^ 0 strongly in kF“^’^(17; R*), 
and u weakly in L^(17;R'^) > 

> inf inf < liminf / g( —, / A{y){u{x) + w{x,y)) dy + Vs^{x)] dx : 

Jo ^ 


{ve^} is p-equiintegrable, 

^ 0 weakly in L^(17;R‘^), 
divug^ =0 in kF“^’^(17;R*), and 

Ve„^u{x)-(^j A{z)~^dz] I A{y){u{x)+w{x,y))dy 


weakly in L^(17; R'^) >. 


Let {ue,,} be as in (I4.26F By Lemma 1131 we construct a p-equiintegrable sequence 
{!;£„} such that 

divi;e„=0 in W^’P(17;R'), 

—>■ 0 strongly in L'^(17;R'^) for every 1 < g < p, 

[ A{y){u{x) + wix, y)) dy weakly in LP(17; R'^). 

JQ 


(4.27) 

(4.28) 

(4.29) 
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Moreover, by Proposition 14.71 

lim / q[—,Ve (x) I dx > liminf / q[ — ,Vg^(x)]dx. 

By (I4.29|) and by the uniform invertibility assumption (13.21) , there exists a constant 
C such that 

-1 


A 


iB' 


Lp{n-fi 


< C for every n. 


Therefore, there exists a map (p € such that, up to the extraction of a 

(not relabeled) subsequence, 

-1 


A 


) Vsn ^ 4> weakly in L^(n; R'*). 

^ Sr). ' 


(4.30) 


By the properties of (14.261) and (14.281) . the convergence in (14.301) holds for 

the entire sequence {ue„} and 

4> = u. 

Claim (I4.26P follows by setting 

Ve^{x) := — / A{y){u{x) + w{x,y)) dy for a.e. x G fl. 

JQ 

Indeed, by (14.291) we have 

0 weakly in L^(n;R‘^), 

and since w £ , by (j4.27() 

div{ie„=0 in lT-^’P(fI;M'). 

Finally, 

) z;e„(x)=M(—) Ve^{x)-A(—\ f A{y){u{x)+w{x,y))dy 

^Sn-' Jq 

for a.e. x G fl, therefore by (14.301) and Riemann-Lebesgue lemma (see e.g. [H]), 
Ven^u{x)-(^J A{z)~^dzj j A{y){u{x)+w{x,y))dy 


weakly in L^’(f2; ] 

Step 3: We show that for every w G and every p-equiintegrable sequence {u£„} 
satisfying 

^ 0 weakly in TP(0; R^*), (4-31) 

divue„=0 in W-^^P (4.32) 

-4l(^) Vg„^u{x)-(^J^A{z)~^dz^ J^A{y){u{x)+w{x,y))dy (4.33) 

weakly in LP(fl;R‘^), there exists a p-equiintegrable family {v^^n ■ S N, n € N} 
such that 


div?;i,_„ = 0 in IF ^’^(n;R*), 

^ 0 weakly in L^’(n;R'^) as n —>■+cx), 

KA-k:V) 


(4.34) 

(4.35) 


u — 


{^j A{z) ^dz'j J A{y){u{x)+w{x,y))dy (4.36) 
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weakly in K.'*), as n —> +cxd and 

liminf / g( — , A{y){u{x) + w{x,y)) dy + Ve„{x)) dx 

Jq / 

> sup liminf / g(v lx, / A{y){u{x) + w{x,y)) dy + v^^nix)) 
;veN"“^+°“7o Jq ' 

To prove the claim we argue as in m Proposition 3.8]. Fix 12 £ N, let 

1 


djj.n •— ^£71 




£[ 0 , 1 ] 


(4.37) 

dx. 


and set 


We notice that 


■ — 


V£n 


eNn. 


du,n —> 1 as n ^ + 00 . (4.38) 

Without loss of generality, we can assume that fl CC Q. By Lemma [43] we extend 
every map Ve^ to a map Ve,^ £ L'p{Q]W^) such that {ve^} is p-equiintegrable, and 
satisfies the following properties 


Xe„ — —s- 0 strongly in 3^(11; K'^), (4.39) 

Ve„ 0 strongly in L^{Q \ 
divhe„=0 in W-i’P(Q;R'). 


In particular, by ()4.33p and (I4.39|) it follows that 

Vs„{x) ^u{x)-(^J A{z)~^dz^ J A{y){u{x)+w{x,y))dy (4.40) 

weakly in LP{il;R.‘^). By Proposition 03] and the definition of and 

liminf / gf —, / A{y){u{x) + w{x,y)) dy + v^^{x)] dx (4-41) 

n^+ooj^ \£n Jq J 

> liminf f g{v^^^x, [ A{y){u{x) + w{x,y)) dy + VE„ix)) dx. 

For n' CC fl fixed, there holds C fl forn large enough. Since g is nonnegative 

(see ()4.22[l 'l. by ()4.41[l we have 

liminf / g{—, / A{y){u{x) + w{x,y)) dy + Ve^x)] dx (4.42) 

^£n Jq 7 

^liminf/" giv^^^x, [ A{y){u[x) + w{x,y)) dy + Ve„{x)\dx 

n-> + OOyg^^Q, V Jq ) 

= liminf ( 01 ,,„)^ / givk^nX, / A{y){u{6i,^nx) + w{dv,nX,y)) dy + Ve^{6ynx)] dx 
„_>+oo J^, \ Jq / 

>liminf/ gii^k^^nX, A{y){u{x) + w{x,y)) dy + Ve„{0^^nx)) dx 

"^+°° in' ^ Jq ^ 

where the last inequality follows by (I4.38F and since 

u(9i,,nx) + w{9ij^nX, y) — u{x) — w(x, y) —>■ 0 strongly in L^(n x Q; R'^). 
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Letting f2' tend to O, by the p-equiintegrability of there holds 

liminf / g{ — , / A{y){u{x) + w{x,y)) dy + Ve^{x)] dx 

n^+ooj^ \£n JQ > 


(4.43) 


> liminf / givk^^nX, / A{y){u[x) + w{x,y)) dy + Ve^{9v^nx)] dx. 
„^+oo Jq \ Jq 


Set 


Vv,n{x) := Ve„{9u,nx) for a.e. x G ly G N and n > no(j^), 
where no{ty) is big enough so that C Q for n > no(j^). Inequality (14.371) is a 

direct consequence of (I4.43|) . The p-equiintegrability of (14.341) . and (14.351) 

follow in view of (14.381) and (14.391) . 

To conclude the proof of the claim it remains to establish (14.361) . We first re¬ 
mark that, by ()3.2D and (I4.35p . the sequence {A(iy\_-^\x) ^v,^^n{x)} is uniformly 
bounded in LP{GI;M.‘^). Therefore, there exists a map L G such that, up 

to the extraction of a (not relabeled) subsequence, there holds 

-1 




Vu,n{x) ^ L{x) weakly in L^(f2;R'^). (4.44) 

\ I''Sr). ' 


Let ip G C“(fI;M‘'). Then, 

I -J*) Vu,n{x) ■ p{x) dx I L{x)-p(x)dx. 

For n big enough, 0y_„supp(^ C fl. Hence, 

f A(iy lx') Vu,n[x) ■ p{x) dx 

Jfl 7 

= (g / ^{j-) ^eAy) ■ dy 


(4.45) 


(4.46) 


1 


{d„,n) 


N 


f a(—) V^^{y) ■ p{y)dy. 

Jn 


By (13.21) the first term in the right-hand side of (14.461) is bounded by 


(0j/,n) 


N 


AB ^(Kst) 


< C'll^£„llLP(n;R‘')l|V¥’llA“(n;M‘lx«) sup 

yen 

which is infinitesimal as n ^ -l-oo due to (|4.38|) . By (14.381) and (14.401) . the second 
term in the right-hand side of (14.461) satisfies 


lim —-—^ ^ I, 

n^+oo {6u,n) Jn 


M—) BAy)-Ay)dy 

V Sr). / 


u{x) — / A{z) ^dz A{y){u{x) + w{x,y)) dy ■p{x)dx. 

Jq Jq ^ 

Arguing by density, we conclude that 

L{x) = u(x) — (^ j A{z)~^ dz^ J A{y){u{x) + w{x,y)) dy for a.e. x G H 
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and (j4.44|) holds for the entire sequence. This completes the proof of (I4.36|) . 

Step 4- We claim that for every w G , and every p-equiintegrable family {v^^n '■ 
G N, n G N} satisfying (I4.34ll - ()4.36ll . there exists ap-equiintegrable family {wu,n ■ 
G N, n G N} such that 

N „ 

diVyWi,ri{x,y) ■='y' {x,y) = 0 in for a.e. x G (4.47) 

(4.48) 

(4.49) 


Wv,n 0 weakly in x as n ^ +oo, 

/ Wu,n{x^ y) dy = 0 for a.e. x G il, 

JQ 

‘^( '^’',n{x,y) ^ u{x) - (^J A{z)~^dz^ j A{y){u{x)+w{x,y))dy 


(4.50) 


weakly in L^(n;R'^) as n —)■ +oo and v —>■ +oo, in this order, 


and 


liminf / g(v —\xj A{y){u{x) + w{x,y)) dy + v, n{x)) dx (4.51) 

>liminf f f g( ly, / A{z){u{x) + w{x, z)) dz + w^^n{x,y)] dy dx + cr^, 
JqJq VLjyer^J Jq J 

where ctj^ ^ 0 as +oo. Let be as above. We argue similarly to m 

Proof of Proposition 3.9]. We extend u,w, and to 0 outside fl, and define 

Qv,z ■= ~z H—Q, z G , 

V V 

Z, := {z G Z^ : Q,,, n L! 7 ^ 0}, 

4.n := [ g{v U, [ A{y){u{x) + w{x,y))dy+ v,^^n{x)) dx. 

Jq Jq ' 

By a change of variables, since (?(•, 0) = 0 by (I4.22|l . and by the periodicity of g in 
its first variable, we obtain the following chain of equalities 


Iiz,n — 


X! ^ (“ + “)’ / +-) +^(-+-^y)) ^2/ 

^ JQ ^ vJ Jq V vJ V II 

E / [ 9([—U[ AM\^ + ^-)+j\^ + \y))dy 

fAJ Jo„Jo Jq \ \ ly vl \ u u II 


Z^Tjjy 

■ V, 


' Qu,z Q 
[l 2 xj 77 ' 


+ -.n{^ + l))dvdx 


= ^ / g(^ / bl(j/)(u(x) + u;(x,2/))d?/ + TiUi,,„(x, 77)^ + 

where Ti is the unfolding operator defined in (12.11) . and 

= E t f)-(i)^ - fo)) 


CTj. := 
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By Proposition 12.71 

/ Aiy){u{x)+w{x,y))dy- A{y)(Tiu{x,y)+TLw((x,y),y)) dy “^0 

JQ Jq ^ ' Li>(nxQ;R‘i) 

as 1 / —)• +CX). Moreover, by Proposition 12.71 the sequence 

[J •A{y){u{x)+w{x,y))dy - j A{y){T^u{x,y)+T^w{{x,y),y)^ dyj 
is p-equiintegrable and 

A{y){u{x)+w{x,y))dy 


'Q 


'Q 


A{y)[Tiu{x,y)+ Tiw{{x,y),y)) dy // s s 


as 1 / —)• + 00 . Hence, by Proposition |4^ a^, = —>• 0 as i/ ^ +oo. 

We set 

Vv,z,n{y) := TxVv,n[^,y'^ for a.e. y G <5, for every 2 G 'Ey. 

For fixed v and z £Ey, the sequence {vy^z,n} is p-equiintegrable. Moreover, 

divy Vy^z^n = 0 in M*) 

and 

Vy^z,n 0 weakly in as n ^ -boo. 

Setting Wy^z,n ■= Vy,z,n “ jQVy,z,n{y) dy , the sequence {wy^z,n} C LP{Q-,R‘^) is 
p-equiintegrable and such that 

divy Wy^z,n = 0 in W^’P((5;R0 i 

Wy,z,n 0 weakly in as n ^ -boo 

/ Wy,z,n{y) dy = 0, 

JQ 


and 


Wy,z,n — Vy^z,n ^ d Strongly in R'^), as n —>■-boo. (4-52) 

By applying again Proposition 14.81 we obtain 


/ / yf—|y,/ A{C){u{x)+w{x,^))d^ + TiVyJ-,y\)dydx 

jQy,zJQ jQ \y J J 

d Qy.z d Q J Q 


with 


0 as n ^ -boo. 


Therefore, by (14.221) and since 


H CZ di2^^^NQyz^ 
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we deduce (j4.51|l with 

Wv^n{x,y) := ^ for a.e. x Gn,y gQ. 




We observe that for iz fixed only a finite number of terms in the sum above are 
different from zero, hence properties (I4.47|) . (14.481) and (I4.49P follow immediately. 

To prove (I4.50|) . we notice that the sequence w^^n{x,y)'^ is uni¬ 

formly bounded in LP{Gt x Q; R^) by (13.21) and (14.481) . therefore it is enough to work 
with a convergent subsequence and check that the limit is uniquely determined. 
Fix (p G C^(n; and set 

tp{x) := u{x) - ( y dz^ j •^{y){u{x) + w{x, y)) dy 

for a.e. x G ft, ip := 0 outside ft, and 

:= {z gZ^ : {Qv,z x Q) H supp p ^ 0}. 

Then 

f f a( — ly) Wi,^ri{x,y) ■ p{x,y)dydx 
JnJQ ' 

~Jy) w,,^:z,n{y) ■ 'f{x,y)dydx 


E / 

•'(Q.^,*xQ)nsupp¥J 


= E 


A 


. Li/£ 
-1 


ev' •'*5 "'Q*' 


f - \y) {Wu,z,n{y) - v,y,z,n{y)) ■ <f{x,y)dydx 

VLjy£r„J / 


z(zz^''Q ''Qi'. 
By (13.21) . we have 


E / / ■^( “J^) ^i',z,n{v) ’ y^i^^y)dvdx. 

^ O. ^ O.u.z 


( — ly) {Wv,z,n{y) - Vy^z,n{y)) ■ ‘^{x,y)dydx 


E/ ,/ 

< c E \\Wv,z,n{y) — f’i/,z.n(2/)||LP((3;R'V)||(/j||icx,(QxQ;R<i), 

which by (14.521) converges to zero as n ^ -boo (here we used the fact that the 
previous series is actually a finite sum for every iz G N fixed). On the other hand, 


^ [ [ a( — 1 2/) Vi,^z,n{y) ■ ^{x,y)dydx (4.53) 

= E 11 ■^^^^y)dydx 

z&''„ ^ 


^ / / T^ip(^^,y'^ ■p{x,y)dydx. 
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By the periodicity of A, the first term in the right-hand side of (14.5311 satisfies 

lim ^ \a( —ly) Tiv„^n(-,y) -Titl;(-,y)] ■ (p{x,y)dydx 

VLi/e„J / - \iy J - \v n 

n^+oc \i/y ylVSn-^ ' vJ \v V/J \V V 

= lim f f a( - I'x] nix) — tplx) ■(p(—\i^x\-\ — rj^vx^dridx 

VLi/e„J / ’ \ \v V J 

i 


= lim 


n—>-+oo 




A 


( Vu^nix) - il^ix) (J ip{^\vx\ +^r],vx'^ 


dr] 


By (14.361) . and recalling that ijj and {v^^n} have been extended to 0 outside fl, we 
conclude that 


lim 

n^+oo 


Q.JQ 




and so 


= E/ / T^tjj(^^,y'^ ■ipix,y)dxdy, 

y Q y Qv,z 

M —|y) w^^nix,y) ^ ^ XQ^,,nnix)Ti'ii){^,y\ 

\ - \A ^ rf^ ^ ^ \ JA J 


z^TLt, 


weakly in L^’(n x a.s n ^ -too. Finally, we claim that 

E XQ...no(x)riV'(^,y) ^V'(x) 




strongly in LP(fl;Ky) as u ^ -too. 

Indeed, let ip G LP [Q x Q]MA). Then by Holder’s inequality 


Z^Xi, 


HE, , 

zgt,^ yQ.^,*nn JQ 


( E XQu,.nnix)Txip(^^,y^ -'0(x)) ■pix,y)dydx 
J {Tx'ii)[^,y'^ -’4rix)'^ ■pix,y)dydx 

J + H ~ 

I {i’{-[^x\+-'j -i/jix)'^ ■p{x,y)dydx 
J Q ^ ^ 

/ / iTi'il;ix,y) - tp{x)) ■ pix,y)dydx 
Jn Jo " 


HE, , 

2gz„ -/Qi/.^nn JQ 


= E 


< ||Ti'!/'(x,y) - ' 0 (x)||ip(QxQ;R<J)ll</ 5 || 

Property (14.5411 , and thus (I4.50|l , follow in view of Proposition 12.71 
Step 5: by Steps 1-4 it follows that 

inf I liminf f f{ue{x)) dx : ^ u weakly in 

I- jQ 


(4.54) 


(4.55) 
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and —>■ 0 strongly in 

> inf inf I liminf liminf [ [ g( - y, I A{z)(u(x) + w(x, z)) dz + n(x,y 

L !/^+oo n^+oo Jg MvEn^ Jq 

doyyWv^n{x,y) = 0 in R*) for a.e. x € O, 

Wtj,n 0 weakly in L^{Vt x Q; R'^) as n —>■ +oo, 

y) Wv^n{x,y) ^ u[x) - A{z)~^ dz'^ J A{y){u{x) +'w{x,y)) dy 


weakly in R'^) as n —>■ +oo and v —?> +oo, and 

J w^^n{x,y)dy = 0y 

By a diagonalization argument, given {w,^^n} as above we can construct {n(z/)} such 
that, setting 

^1/ ^n{v) 'X^ui.X^y') •= ; 

we obtain the following inequality 

inf I liminf f fiuAx)) dx : ^ u weakly in L^(fl;R'^) (4.56) 

I- Jn 

and —>■ 0 strongly in R*)| 

> inf inf I liminf [ [ g( - \y, I A(z)(u(x) + w{x, z)) dz + Wjyixjy)] dy dx 

VLi/ej^J Jq j 

di\VyWv{x,y) = 0 in V14“^’P(Q; R^) for a.e. x € fl, 

Wjy ^ 0 weakly in x Q; R'^) as v ^ +oo, 

^\y) w^,{x,y) ^ u{x) - (^J A{z)~^ dz'j J A{y){u{x) + w{x,y)) dy 

weakly in R'^) as —>■ +oo, and / Wi,{x, y) dy = 0 [. 

Associating to every sequence {w^} as in (14.561) the maps 

i’vix, y) '■= / A{z){u{x) + w(x, z)) dz + Wy{x, y) for a.e. x S and y G Q, 

Jq 

inequality (14.561) can be rewritten as 

inf I liminf f f(ue{x)) dx : ^ u weakly in L^(S7;R'^) (4-57) 

I- Jq 

and 0 strongly in R*)| 

inf inf(liminf /" f f(A( — I y) 4>„{x,y)] dy dx : 

i«6C„ ^ JqJq V / / 


> 


divy ^i,(x,y) =0 in kb ^’^((5;R*) for a.e. x G fl, 

^ 1 / ^ / A{z){u{x) + w{x, z)) dz weakly in L^{n x Q] R'^) as ^ ^ +oo, 

Jq 

i’l'ix^y) ^ u{x) weakly in L^(n; R'^) as —)►+oo, and 
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/ cj)^{x,z) dz = / A{z){u{x) + w{x,z)) dz\. 

Jq Jq J 


Finally, for {4>u} as above, considering the maps 

1 I x-i 
.UEr, 


(4.58) 


v„{x,y) := a( - \y] (j)^{x,y) for a.e. a; e and y G 

\ _ lA J / 

we deduce that 

inf I liminf f f(uJx)) dx : u,, ^ u weakly in L^(S7;K'^) 

>- ^^0 Jq 

and —>■ 0 strongly in R^)| 

> inf inf t liminf / / f{v,^{x,y))dydx: 

weC^ t i^->-+oo Jq Jq 

divy y^Vv{x,y'^ =0 in 14^“^’^((5;R*) for a.e. x G fl, 

a{ ^ f A{z)(u(x) + wix, z)) dz weakly in LP(n x Q; R'^) as —>■+cx), 

VLi^e^J / Jq 

Vu[x,y) u{x) weakly in L^(n x QlR^^) as —>■ +oo, and 

J --^^^Vv{x,z)dz = J A{z){u{x) + w{x, z)) dz'^ 

> inf < liminf / / f{u{x) + Wv{x,y))dydx: 

L J^^ + OO Jq Jq 

divy J (m(x) + ini/(x, y))^ = 0 in kF“^’^(Q; R*) for a.e. x G fl, 

divx J -^^y^{u{x) + Wi,{x,y)j dy = 0 in R*), and 

Wy(x,y)^0 weakly in L^(0 X 
By (I4.58|) it follows, in particular, that 

inf I liminf f f{ug{x))dx : ^ u weakly in L^(n;R'^) 

>- Jq 

and —>■ 0 strongly in kF“^’^(fl;R*)| 

> inf < liminf / / f{u^{x) + w,y{x,y))dydx: 

L !/-> + 00 Jq Jq 


(4.59) 




(W) 


Uv ^ u weakly in R'^), Wi, G ^ 

w^{x,y )^0 weakly in L^(n X ( 5 ;R‘^)|. 

Fix {u^} and {w^} as in (14.591) . Then there exists a constant r such that 


sup|lwj.||ip(QxQ;R<i) < r. 

i^eN 


(4.60) 


Therefore, setting 


1 
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and 


we have 


Ujy if n = rii,, 
u otherwise, 


liminf / / f{uv{x) + Wy{x,y)) dy dx >\\T[v\ni /■ ■ s (it;,) (4-61) 


= lim inf T 

1/—)-+oo ji 


> inf \ liminf : 

L n—>-+oo ' 


weakly in L^(n;R'^)|. 


The thesis follows by taking the infimum with respect to r in the right-hand side 
of (14.611) and by invoking (14.591) . □ 


Remark 4.10. We point out that the truncation by r in (14.601) and (14.611) will 
be used in a fundamental way. Infact it guarantees that the sequences constructed 
in the proof of the limsup inequality (see Proposition 14.121) are uniformly bounded 
in and hence it allows us to apply Attouch’s diagonalization lemma (see [31 
Lemma 1.15 and Corollary 1.16]) in Step 3 of the proof of Proposition 14.121 

Remark 4.11. In the case in which A* G L°“(R^; M^^'^), i = 1, ■ ■ ■ , N, the previ¬ 
ous proof yields the inequality 

inf I liminf / f{ue{x)) dx : ^ u weakly in L^(n;]R'^) 

t ^^0 Jo, 

and —>■ 0 strongly in W^’'*(fl; R*) for every 1 < g < p| 

> F^iu). 

To see that, arguing as in Step I we get 

inf I liminf f f{uAx))dx: Ug ^ u weakly in L^(f2; R'^) 

I- <^^0 

and 0 strongly in R*) for every 1 < g < p| 

> inf inf < liminf / g(— ,Ve„{x)] dx : 

n-i.-1-oo Jq \£„ / 

Xe„ ^ / A{y){u{x) + w{x,y)) dy weakly in L^(n; R'^), 

JQ 

divu£„ -G 0 strongly in IT~^’'^(fl; R*) for every 1 < q < p, 

and u weakly in L^(fl;R‘^) >. 

By Lemma 14.31 and Remark 14.41 inequality (14.261) is replaced by 

inf inf < liminf / q( — ,Ve„{x)] dx : 

Ve„ V 

Xsn ^ I I -^iy)iu{x) + w{x,y)) dy weakly in L^(r2; R"^), 

JQ JQ 
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> 


divfe^ 0 strongly in W K*) for every 1 < g < p, 

and 'j u weakly in L^(r2;]R'^) > 

inf inf < liminf / g (—, / A{y){u{x) + w{x,y)) dy + Ve^{x)] dx : 

^Sn Jq > 

{{;£„} is p-equiintegrable, 0 weakly in i^(r2;]R‘^), 

div{i^„ = 0 in and 

^ u{x) - (^ J A{z)~^ dz^ j A{y)~^{u{x)+w{x,y))dy 
weakly in K'^) >. 


The result now follows by arguing exactly as in the proof of Proposition 14.9 
We finally prove the limsup inequality in Theorem 14.21 


Proposition 4.12. Under the assumptions of Theorem \4.2[ for every u G there 
exists a sequence {ug} C such that 


Ue ^ u weakly in 

0 strongly in K.*), 

limsup / f[ue{x))dx<^s/{u). 

£ —^0 J r2 


Ue u + w strongly two-scale in L^(f2 x Q; 


/div^ 


0 strongly in W R*) 


f{ue{x))dx^ / / f{u{x)+ w{x,y))dydx, 
Jn Jq 


as e —)• 0, and 


Define 


sup ||Me||LP(n;R‘i) < C'(||'u||ip(Q.Rd) -I- ||'U;||j^p(f2xQ;R‘i))- 


£>0 


Ue(x) := uix) A wlx, — I for a.e. x G fl. 

V ney 

By Proposition 12..11 we have 

Ue^ {u{x) + w{x,y)) dy = u{x) weakly in L^(D; R'^), 

Jq 

Ue —>■ U + W strongly two-scale in LP(D x QjR ), 
f{us)^ f{u{x)+w{x,y))dy weakly in T^(D), 

Jq 


(4.62) 

(4.63) 

(4.64) 


Proof We subdivide the proof into three steps. 

Step 1\ Fix n G N. We first show that for every u G C'^A-) n C'^(D;R'^) and 
w G n (7^(12; C'pgj.(R^;R‘^)) there exists a sequence {ue} C LP(D;R‘^) and a 

constant C independent of n and e such that 


(4.65) 

(4.66) 

(4.67) 

(4.68) 
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as £ —0. In particular, we obtain immediately (I4.65|l and ()4.67|) . Property (14.6811 
follows by (14.6511 . ProDOsition l2.5l and Tlieorem l2.6l To prove ()4.66|1 . we notice that 


/div 


Ur = 




dx. 
dA^ /X 


dw 

dxi 




-)) 

ns / / 


(4.69) 




dy 

V ne/ \ oxi oxi V ne/ / 


~eJ dyi 


where in the last equality we used the fact that w G fl 

Applying Proposition 12.31 we obtain 




[ f]A*(ny)( 

i=l 


y)') dy weakly in (4.70) 


dx,. 


dxi 


and hence strongly in kb by the compact embedding ^ W On 

the other hand, since w G Cu^'^'\ there holds 


J + = ^\riy){u{x)+w{x,y))dy'j =0. 

(4.71) 

Combining (I4.70p with ()4.71ll we deduce (|3]l. 

Step 2: We will now extend the construction in Step 1 to the general case where 
u G and w G Extend u and w by setting them equal to zero outside 

O and il X Q, respectively. We claim that we can find sequences {tt^} and 
such that G C'°°(0;R'^), G and 

strongly in LP(0; R'*), (4.72) 

^ w strongly in T^(0 X Q; R*^), (4.73) 

AT „ 

^ — ( / A\ny){u’^{x)+w^{x,y))dy') 0 strongly in W-1’P(0;R'), 

(4.74) 


iV o 

V4-f^X«2/)(w''(a;)+w''(a;,2/))l ^0 strongly in LP(0; ^-^’^(Q;R')). (4.75) 

^ ay. V ) 

Indeed, by first regularizing u and w with respect to the variable x, we 
construct two sequences {m^} and {w^} such that G (^““(riiR^), G 

C°°(0;LPg,(R^;R‘^)), and 

^ u strongly in LP(0;R‘^), 

^ w strongly in LP(0 x Q;R'^), 

AT „ 

——( / A^(ny){u^{x) + w^{x,y)) dy^ 0 strongly in kF“^’P(fl; R*). 

i=l dQ 
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In addition, 
^ 9 


—— (A'‘{ny){u’^(x) + w’‘(x,y))] = 0 in W ^’^(Q;R^) for a.e. x € fl. (4.76) 

^ V J 


Now, by regularizing with respect to y we construct {ui^}, such that S 
C°°{Cl; . It is immediate to see that {u^} and {w^} satisfy l|4.72p - 

(I4.74|l . and in particular 

—)■ 0 strongly in L^{^; LP{Q; 


(4.77) 


To prove (j4.75|l . consider maps tp £ (fl) and '0 & (^; By the regularity 

of the operators and by (14.7611 there holds 

r ^ B 

' ^ (^A\ny){u^{x) + w^{x, y))) , ^{y))p{x) dx 


N 


N 


A\ny){u^{x) + w^{x,y)) ■ v?(x)^^^ dydx 


^\Y I I A\'ny){u^{x)+w^{x,y) - {u'"{x)+w’^{x,y))) ■ p{x)^^p^ dydx 

' Jq Jq oyi 

< C\\w^ - w'‘||iP(OxQ;K‘i)IIV'll^vUp'(Q.Rd)ll‘7’llLp'(n)- 
Property (j4.75ll follows now by (14.7711 . 

Apply Lemma [32] and Remark [3.31 to the sequence {u^ + w^} to construct a 
sequence {u^} C (7^(11; C'()^;.(]R^; R'^)) such that 


^ per 

- (u'= + w'') ^ 0 strongly in LP{n x Q; R''), 


B 


N 

^ ^ Bx \ I 

i=i '>Q 


A\ny)v'^{x,y)dy) =0 in R') 


and 


N 


—— {A^{ny)v'^{x,y)) = 0 in W ^’^(Q;R*) for a.e. a; G O. 


(4.78) 

(4.79) 

(4.80) 


Consider now the maps 


v^{x) := v^(x, —'j for a.e. x 
V neJ 


e fl. 


By Proposition 1221 arguing as in the proof of (I4.68|) . we observe that 

[ v^{x,y)dy weakly in LP(fI; R'^), 

JQ 


strongly two-scale in L^(fl x Q;R'^), 

[ f{Ve{x))dx^ [ [ f{v'^{x,y))dydx. 
t/ J ^ J Q 


Q. JQ 

as e —> 0, and there exists a constant C independent of e and k such that 
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for every e and k. Hence, by (j4.72j) . (j4.73|) . and (j4.78j) . there exists a constant C 
independent of £ and k such that 

Ike ||LP(n;Rd) < C'(|k||Lp(n;R<J) + ||w||LP(nxQ;R‘i)) 
for every e and k. In addition, again by Proposition [531 proceeding as in the proof 
of we can establish the analogues of (l4.69D - (l4.7ip and we conclude that 

^ F) ^ r) r 

<”"4 = E a;-k(;) 4 w) - E gy( A-iny}A^.y}dy) = o (oi) 

i=i ® i=i ® •'y 

strongly in R*), as e —>• 0. Now, by (j4.72|) . (I4.73|) and (j4.78|) . 

Ug u + w strongy two-scale in L^(0 x (4.82) 

as e —0 and k — >■ -|-cxd, in this order. Hence, by Theorem l2.61 (14.81) . (I4.72|) . (I4.73L 
6351), 6111) and 6121), 


||w-i.P(n;Ri) 


limsuplimsupi HTgUg - (m- f w)||LP(nxQ;R'i) + 

fc—)-+oo e— >-0 ^ 

^ fiveix))dx - f f f{u{x) + w{x,y))dydx\ = 0 . 
n JnJQ A 


By Attouch’s diagonalization lemma O Lemma 1.15 and Corollary 1.16] we can 
extract a sequence {^(e)} such that, setting 


:= 


the sequence {u®} satisfies (I4.65I) - (I4.68D . 

Step 3: Let u S and 77 > 0. Then ^^{u) < -foo and there exists > 0 such 
that 

-I- 77 > inf < liminf tF^(n-)iun) ■ Un ^ u weakly in LP{il; W^) I. 

L n— >-+cxD J 

In particular, there exists a sequence {u^} C with G Q^{n-) fQj. every 

77 , G N, such that 

^ u weakly in (4.83) 

as 77 ^ -foo, and 

■^s^iu)+r]> lim (F^%.)«)= lim 

n—^-koo ^ ^ n—^+oo ^ 


By the definition of for every 77 G N there exists G such that 

ll^^nllLP(nxQ;R‘') < ^rj, (4.84) 


and 




«) < / [ fiul{x)+wl{x,y))dydx<T^^,Jul) + -. 
JnJQ ’ n 


Applying Steps 1 and 2 we construct sequences {ujjg} C L^(H x Q;R‘^) such that 


sup |k((_g||iP(nxQ;R'i) E C'lkn + U’]] ||_LP(nxQ;R‘^) > 

£>0 

Un,e ^ '^'n weakly in L^(H x Q; R'^), 

0 strongly in 1T-1’P(H; R'), 

[ fivn,eix))dx[ f fiulix)+wl{x,y))dydx, 

J Cl J Cl J Q 


(4.85) 
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as £ ^- 0. In addition, by (I4.83ll ~ ()4.85j) . the sequence is uniformly bounded 

in LP{^1 X Therefore, by the metrizability of bounded sets in the weak 

topology and Attouch’s diagonalization lemma [3j Lemma 1.15 and Corollary 1.16] 
there exists a sequence {n(£)} such that, setting 


„.v ■— ,,'7 

“e ■ ^n(e),E’ 


properties (14.621) and (I4.63|) are fulfilled, with 

limsup / f{u'l{x))dx<^si/{u)-\-r]. 

€—>-0 J 

The thesis follows now by the arbitrariness of rj. 

5. Homogenization for measurable operators 


□ 


T OO 
■^per 


Here we prove the main result of this paper, concerning the case in which A* G 
> 11 *>«^), i = 1,... ,7V. 


Theorem 5.1. Let 1 < p < +oo. Let A* S i = 1, • • ■ ,7V, assume 

that the operator A satisfies the invertibility requirement in dUl), and let 
he the operator defined in iH). Let f : [0, +oo) be a continuous function 

satisfying the growth condition (I4.8|l . Then, for every u € LP{Lt;M.'^) there holds 

inf \ liminf / fiueix)) dx : ^ u weakly in L^{Ll-,W^), 

^ ^->-0 in 

and 0 strongly in 1 T“^’'^(H; for every 1 < g < p| 

= inf I limsup [ fiueix)) dx : ^ u weakly in LP{n- K'^), 

^ £—>-0 J Q 

and 0 strongly in 1 T“^’'^(H; R^) for every 1 < 9 < p| = 

The strategy of the proof consists in constructing a sequence of operators £/k 
with smooth coefficients which approximate the operator £/, so that Theorem 14.21 
can be applied to each 3^4- Let {pk} be a sequence of mollifiers and consider the 
operators 

£/k : LP{n;R‘^) 1 T- 1 ’P(H;R') 

defined as 


^kv{x) 


2=1 


(5.1) 


where A]. := for every i = 1,- 


c: 


per 


j/xd), I — ^ TV, for every k, 

A[, ^A* strongly in 


TV, and for every k. Then A^ G 

(5.2) 


for I < m < + 00 , 7 = 1, • • • ,7V, 




(5.3) 


ll^fcllL“(Q;M'x<i) < ||A*|4oo(Q.M[ixd) for 7 — 1 
and the operators 324 satisfy the uniform ellipticity condition 

Ak{x)X ■ A > ajAp for every A G R'^, for every k. 

We first prove two preliminary lemmas. The first one will allow us to approximate 
every element u G by sequences {u^} C L^(H;R‘^) with G for every k. 


(5.4) 
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Lemma 5.2. Let 1 < p < +oo. Let ^ he as in Theorem \ 5.1\ and let {s/k} be 
the sequence of operators with smooth coefficients constructed as above. Let 
be the class introduced in (j3.23|) and let u G C‘^. Then there exists a sequence 
{m^} C LP{Q;M.‘^) such that G C‘^’^ for every k, and 

^ u strongly in LP(0;K'^). 

Moreover, for every w G there exists a sequence {w^} C Lp{Q x such 

that G for every k and 

^ w strongly in L^{Ll x 


Proof. Let u G and let w G Cff. We first construct a sequence C LP{Vt x 
defined as 

v'^{x) := {u{x) + w{x, y))ip'^{x) for a.e. x G fl,y G Q, 

where {(fin} G C'“(n;[0,l]) with ipn /' 1. Without loss of generality, up to a 
dilation and a translation we can assume that LI G Q. Extending each map u" by 
zero in Q \ f2 and then periodically, and arguing as in the proof of Lemma 13.21 it is 
easy to see that 

u" —>■ u + u> strongly in L^(Q x Q; (5.5) 

j^A\y)v^{x,y)dy) -G 0 strongly in W-^’P{Q;R^), 

N „ 

=0 inLP(Q;W-i'^>(Q;R')). 

i=i 

By (15.21) , (15.31) and the dominated convergence theorem, we also have 
A\{y)v'^{x, y) A\y)v'^{x, y) strongly in LP{Q x Q; R') 


as k ^ + 00 , for every n. Therefore, 


d 


N 

'£-^^[J^Al{y)v^{x,y)dy) ^0 strongly in W-1'P(Q; R'), 


^^(aU 2 /)i;"(x, 2 /)) ^0 strongly in LP(Q;W-i’P(Q;R')) 
2=1 


as A: —^ -\-oo and n +oo, in this order. In particular, 


lim lim < Hr;” - (u +w)||lp(QxQ ;1 
n->-+oo fc—>-+oo v-c 


N 




VK~1-p(Q;IR0 


N 


+ Pfc(2/)^”(a^>y) - + w(a;,y))||LP(QxQ;R‘^) 


2=1 


N ^ 


W“Tp(Q;1 


LP{Q) 


= 0, 
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hence by Attouch’s diagonalization lemma O Lemma 1.15 and Corollary 1.16], we 
can extract a subsequence {n(fc)} such that 

^u + w strongly in LP{il x Q; R''), (5.6) 

Aliy)v^(-'^')ix,y)^A^iy)iuix)+wix,y)) strongly in LP(g x Q;R'), (5-7) 

AT „ 

^ ^ 0 strongly in LL-i’P(g;R'), 

N „ 

^0 strongly in LP(g;H^-i'P(Q;R')) 


as k ^ + 00 . Setting 

RkiA^y) '■= for a.e. {x,y) gQxQ, 

and defining the mappings G LP(g; L]]gj.(R^; R'^)) as 

:={Rl)j, foralH = l,-.. ,iV, j = l... ,Z, 

we have that 

Rk{x,y) A\y){u[x) + w{x,y)), i = I,- - • ,N strongly in LP{Q x g;R‘'), 

^ d r 

^ ^ 0 strongly in W~^^p{Q] R'), 


iv a 

'^{Rki^yy)) 0 

i=i 


strongly in ^^(g; lL-i’P(g;R*)). 


Therefore, using Lemma 13.11 we argue as in Lemma 13.21 and construct a sequence 
S’^ G LP(g; L]]er(R^;R‘^)), satisfying 

gk-Rk strongly in LP{Q x Q; R"^), (5.8) 

^8 r 

J2^{j^Slix,y)dy) =0 mW-^’PiQ;R^), (5.9) 

N „ 

J2 7 ^('S'fe(a;, y)) = 0 in W-^’P{Q; R'), for a.e. xGQ. (5.10) 
^y-i- 


Finally, setting 

u^{x)-.= / Ak{y)~^S’^{x,y) dy for a.e. x G 11 

Jq 


and 

w;^(x, y) := Ak{y)~^S'^{x, y) — u^{x) for a.e. x G 12 and y GQ, 

by (15.91) and (I5.10|) we deduce that G C^k , he. G C^'° for every k. Moreover, 
by (13.2F (15.61) and (15.81) . 


— u||LP(n;R‘i) - 
<C||u'= + u;^'- 

< ||u'" +w’" -V 



+ w'"{x, y) - (u(x) + w[x, y))) dy 


{u + w)||ip(OxQ;R'i) 

llLP(axQ;R‘^) + — {u + w)||ip(QxQ;R'i) 


LP{n-R'^) 
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— \\^k{y) ^[S^{x,y) — -R^(a;,2/))||iP(OxQ;K‘*) + — (m + w)||2,P(nxQ;R'i) 0- 

The convergence of to w follows in a similar way. □ 

In view of Lemma 15.21 we can prove the analog of Proposition 13.41 in the case in 
which G t = 1, • • • , iV. 

Lemma 5.3. Under the assumptions of Theorem \5.1\. there holds 

G : there exists a sequence {rie} C LP(fl-,W^) such that 

(5.11) 

Vs ^ u weakly in LP{Q-,W^) 

and —>■ 0 strongly in R^), for all 1 < q < p|. 

Proof. Let V be the set in the right-hand side of (15.111) . The inclusion 

VcC^ 

follows by Remark [3)^ To prove the opposite inclusion, let u G and let w G . 
By Lemma lSl^ we construct sequences {m^} C and {w^} C xQ;R'^) 

such that G for every k, G for every k, 

^ u strongly in L^(n; R'^) 

and 

—i> w strongly in L^ip. x ( 3 ;R'^), 

where {s^k} is the sequence of operators with smooth coefficients defined in (15.11) . 
By Proposition [nm for every k there exists a sequence {v^} C LPp;M.‘^) such that 

strongly 2 -scale in LP (0 x Q; R”^), 

N „ 

<7v^e E ^ ^ R') 

i—1 * 

as e —> 0. Hence, in particular, by Theorem 12.61 

lim lim llr^u^ -iu + w)||ip(nxQ;R-‘) + \\-s^k,7'>^e\\w-^^pin-,R‘) = 0 . 

By Attouch’s diagonalization lemma (El Lemma 1.15 and Corollary 1.16]), we can 
extract a subsequence {fc(e)} such that 

yk{e) u + w strongly 2 -scale in L^p x Q]W^), 

0 strongly in W~^'^p; R‘) 

as e ^ 0. A truncation argument analogous to [Ml Lemma 2.15] yields a 
p—equiintegrable sequence {ue} satisfying 

Vs ^ u weakly in U'p] R'^), 

^k(e)/"'''Ve 0 strongly in R'), (5.12) 

for every 1 < g < p. 

To complete the proof, it remains to prove that 

—i> 0 strongly in IT“^’'^(H; R*) for every 1 < q < p. 


(5.13) 
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To this purpose, we first notice that, by (I5.2|) and by Severini-Egoroff’s theorem, 
there exists a sequence of measurable sets {E„} C Q such that \En\ < ^ and 

^fe(e) ^ uniformly onQ\En (5-14) 

for every n = 1, • • • , +oo. Let 77 > 0 and 1 < g < p be fixed, and for z e set 

Qe,z '■= £Z + eQ and := {z € : Qe.z fl f2 0}. 

By the p-equiintegrability of {ug} and hence of {T^Ve} (see Proposition 12.71) . and 
by (15.31) . we can assume that 


\\TeVe\\LP{{u Z ^ ^ s Qe,,\n)xQ;R‘i) < (5.15) 

and n is such that 

'^ [ [ \^k{e)iy) - ^'iy)\‘^\TeVe{x,y)\‘^ dydx (5.16) 

Jn J 

N 

— + 11^ 2^)llL9(nxE„;R‘') — d' 

i=l 

We first notice that, by (ED, there holds 

'*^®llw-C9(n;Rq — W-C9(n;R') 


2 = 1 ' 


^ 11 w/ div 11 Q 


Therefore, by (|5.12|) we deduce 


N 

E 


/ . , 


Jyj^&z^iQe.znQ.) 



limsup||<i"'7;4^_i,,^^,j 


£-)-0 


(5.17) 


N 


< lim sup / 

£“*■0 Juz^z^iQe.^nQ) 




Changing variables, using the periodicity of the operators, and extending Vg to zero 
outside il, the right-hand side of (15.171) can be estimated as 


N 


E/ 

i —1 (Qe.^nO) 


< £ 


N 


Akg){^)-A^{^)\‘\ve{xWdx 

EE / \Al^,){y)-A\yW\vg{ez + ey)\Uy 

4 _ 1 -,x -'7 ^ C) 


i—1 z^Zg 


N r r 

T.Y. / \Al^e)iy)-A\yWUe[^\+ey) 

»■ — 1 Qe,z Q 


i—1 zGZ, 
N 


dydx 


E/ / \Al(g){y) - A\y)\‘i\TgVg{x,y)\'i dydx. 

i—1 '^z€ZeQe,z Q 


(5.18) 
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By Proposition [231 ([535]), and by (|5.16|) . the right-hand side of ()5.18l) is bounded 
from above as follows 


N 


i—1 ^z^ZgQe,z Q 


2=1 ^z^Z£Qe,z\^ J Q 


[ \^k(e)iy) - ^\yW\TeVe{x,y)\'^ dydx (5.19) 

J O 

\^k{e)iy) - A\y)\'^\TeVe{x,y)\‘^ dydx 
/ / \Al(e)iy) - A"{yW\TeVe{x,y)\‘^ dydx 
+ X! / f l^fc(6)(j/)-^*(2/)r|reWe(a;,?/)|«dydx 


N 


N 


<V + C'^(||3^(e)|lioo(Q.Mixd) + l|3 llLoo(Q.Mixd))||T'£'t'e|li,((u^^^^Q^^^\Q)xQ;R‘i) 


N 


+ ^ll^fe(e) ^ llL“(Q\E„;M'x<i)lkellL<i(n;l 


N 


< CT] + l|3fe(£) - x4®||ioo(Q\^^.fi 


i=l 


Finally, by (I5.14|) and collecting (I5.17I) - (I5.19I) . we obtain 


N 


limsup||32//‘''i;£||^-i.9(n-RM ^ Cy + \im Cy2\\Alu) “ 31i.x,(Q\£;^.Mixd) = Cy 

E^O ^ 


Z = 1 


for every y > 0. By the arbitrariness of y we conclude (I5.13|) . □ 

Proof of Theorem We first notice that by Remark 13.51 the thesis is trivial if 
u ^ C'^. By Proposition 14.91 and Remark 14.111 for every u G there holds 

inf/liminf / f{uAx))dx-. ^ u weakly in L^( 11;R'^), 

and 0 strongly in R*) for every 1 < g < p| > 

To complete the proof of the theorem, since 

inf < limsup / /(ue(a;)) dx : ^ u weakly in L^(r2;R'^), 

^ B —>-0 J O 

and 0 strongly in R*) for every 1 < g < p| 

< inf < limsup / /(ue(a;)) dx : Ug ^ u weakly in L^(11;R'^), {ug} p-equiintegrable, 
^ B —>0 J O 

and 0 strongly in R*) for every 1 < g < p|. 


it suffices to show that 


inf < limsup / f{ue{x))dx : ^ u weakly in L^(11;R'^), {me} p-equiintegrable, 

^ B — ^0 J n 


















44 


E. DAVOLI AND I. FONSECA 


and —>■ 0 strongly in W for every 1 < g < p| < ,^s/{u). 

(5.20) 

To prove (j5.2n|) . we argue by approximation. Let {M;} be the sequence of 
operators constructed in (15.111 and satisfying (I5.2I) - (I5.4L We first prove that for n, 
Un £ ) and Wn £ fixed, 

inf I liminf {un + 4>k) ■■ 4>k ^ 0 strongly in (5.21) 

L fc—^+oo ' 


Un + 4’k & fQj. every 

:/ / f{un{x)+ Wn{x,y))dydx. 

Jq Jq 


>Q JQ 

Indeed, by Lemma [5?^ there exist sequences {u^} C LP{n;M.‘^) and {rc^} C L^(n x 
Q;®'^), such that w'^ £ for every k, 

—>■ Un strongly in L^(f2; R'^), 

and 

^ Wn strongly in L^(fl X (3;R‘^). (5.22) 

For k big enough. 


.2||t«Tildp(fjxQ;K‘i) 


and 


(it„ + (u'"'- M„)) < / / f{u^{x)+w^{x,y))dydx for every fc, 
J ^ J o 


limsup jJJ, + (m''(x) --«„(a::))) < f f f{unix)+Wn{x,y))dydx, 


n t/ Q 


Ai—)-+oo 

which in turn implies (I5.21F 

Let now u £ and 77 > 0 be fixed. Then, there exist > 0 such that 

+ 77 > inf I liminf : Un ^ u weakly in L^(f 2 ; R'^ 

L n—¥-\-oo ^ ^ 

and sequences £ L^’(n;R‘^), {wJJ} £ Lp (0 x satisfying 

Un^u weakly in L^(f 2 ;R'^), 


(5.23) 


ul £ for every 


lknllLr(nxQ;B‘i) < fr, for every 77, 


and 


^^(u)+ 277 > lim [ [ f{ul{x)+wl{x,y))dydx. 

"^+°° in Jq 

In particular, by (15.211) . 

■^s^{u) + 277 

> lim sup inf | lim inf {u'l + ())fe) : -!► 0 strongly in L^(r 2 ; R'^), 

n-^+oo k k-y+oo 7 

^ (j.s4(n-) i-Qj. gvery A:|. 

For every 77, k, let ^ £ 

ll^n,felliP(nxQ;R‘i) < 2||77 ;)(||j;,p(QxQ;R‘^) 


(5.24) 
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and 


+ -_£/ f^K{x)+(t>k{x)+wl k{x,y))dydx 


In JQ 


— ^kin-) 

Arguing as in Steps 1 and 2 of Proposition 14.121 for every n, k we construct a 
sequence {v^^ k(^)} C LP{Q;M.'^) such that 

ll^e.n,fellTP(n;Krf) < C\\u^ + (j)k + ||LP(axQ;R‘i) i (5.25) 


'e.r^.fe 


< + ' 




weakly in 
0 strongly in 

[ fi^ln.ki^))dx ^ [ [ fiul{x) + 4>k{x)+wl i^{x,y))dydx, 
J Q J Q J Q 


k,e 


In JQ 

as e —>■ 0, where the constant C is independent of e, n and k. In particular, (15.231) 
and (15.241) yield that the sequence {v^^ ^.} is uniformly bounded in L^’(r2;R'^). By 
(I5.25|) the metrizability of bounded sets in the weak topology and Attouch’s 
diagonalization lemma (13 Lemma 1.15 and Corollary 1.16]), we can extract sub¬ 
sequences {n(e)} and {fc(e)} such that, setting 


V 

Ur := V / ^ t,/ \, 
^ e,n{e),k{s)^ 


there holds 


Ug ^ u weakly in L^(f 2 ;R'^), 

0 strongly in R*), 

limsup / f{uEix))dx<^j,/{u) + 2r]. 

6 — ^0 J O 

In view of Lemma 14.61 and Proposition 14.71 we can construct a further sequence 
{we} C L^(f2;R‘^), p—equiintegrable and satisfying 

Ue ^ u weakly in L^(r 2 ;R‘^), 

424%')■We —!• 0 strongly in VF“^’®(f 2 ; R*) for every 1 < g < p, 
limsup / f {ue{x))dx < limsup / f{ue{x))dx<J^j,/{u) + 2r]. 

£—^0 J O £—^0 J O 

Property (15.201) follows now by noticing that exactly the same argument as in the 
proof of (15.131) yields 

—S' 0 strongly in R*) for every 1 < g < p, 

and by the arbitrariness of 77 . □ 

5.1. The case of constant coefficients. In this subsection we show that the ho¬ 
mogenized energy obtained in Theorem 14 .2 1 reduces to the one identified by Braides, 
Fonseca and Leoni in [^, in the case in which the operators A®, i = 1, • • • ,N, are 
constant, and the constant rank condition (IE31) is satisfied by the differential oper¬ 
ator 42/ : LP{n;R^) lF-bP( 0 ;R') defined as 


N 


£/u := A' 


i=l 


du 

dxi 


for every u S L^(f 2 ; R'^). 
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In this case the classes and defined in (j3.22j) and (j3.23|) become, respec¬ 
tively 

r ^ r) 

y) dy = 0 and ^ y) = o} 

JQ TJi 

and 

^const _ g LP{D.-W^) : = o}. 

Recall that 

^ai{u) = inf inf | liminf : Un ^ u weakly in R'^)}. 

r>0 I n—f+oo J 

By definition of jz/—quasiconvex envelope, for every u G and r > 0 we 

have 




',{u)> / Q^f{u{x))dx. 
JQ 


By [141 Theorem 3.7], the .e/—quasiconvex envelope is lower semicontinuous with 
respect to the weak convergence of jz/—vanishing maps, hence 


inf ] liminf : m„ 

I n^+C30 

for every r > 0, which yields 


veakly in > J Q^f(u(x))dx 


[ Qs^^f{u{x))dx. 
Jq 


(5.26) 


Conversely, since £/ is a differential operator with constant coefficients, for every 
u G the null map belongs to Hence, 

[ f{u{x))dx>F^{u)=J^l^{u). 

Jq 

By taking the lower semicontinuous envelope of both sides with respect to the weak 
LP convergence of .e/—vanishing maps we obtain (see [B] Theorem 1.1]) 

/ Qs^{f{u{x))) dx > inf I liminf J'^(m„) : Un ^ u weakly in L^(f2;R'^)| 

Jq 1 "->-+00 J 

(5.27) 

Combining (I5.26|) and (15.2711 we deduce that 

/ Qs^f{u{x))dx. 

JQ 

5.2. Nonlocality of the operator. We end this section with an example that 
illustrates that, in general, when the operators are not constant then the func¬ 
tional in (14.31) can be nonlocal, even when the energy density / is convex. 

Example 5.4. Let N = d = p = 2 and I = 1, and choose 

H=(0,l)x(0,l). 

Let a G (M), with period {—h, k), a > —1, and satisfying 


f 2 f ^ 2 

/ ^ a(s) ds = 0 and / ^ a (s) ds = 1 


(5.28) 
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and consider the operators defined as 

{x) := {1 + a{x 2 ) 0) and {x) ■.= {0 1) 

for X € . We have that 


AvA = 


l + a(y2) 0 


u 


for ^ € R^ and y G Q, therefore the operator A satisfies the uniform invertibility 
assumption (1321). 

Consider the function / : —>■ [0, +oo), defined as f{^) := for every ^ € R^. 
By (15.281) . for n fixed, Un G C^A') if and only if there exists Wn G L^(fl x (5;R^) 
such that Jq Wn(x, y) dy = 0, and the following two conditions are satisfied 

^ a(n 2 / 2 )wi.n(a;, 2 /)(i 2 /) +divM„(x) = 0 m (5.29) 


dx 


n , ( , dw2,n{x,y) . is Qn^ 

{l + a(ny 2 )) -^-1-r-=0 in W ' [Q] for a.e. x G il. (5.30) 

uyi <jy2 

Moreover, for every u G L'^{A w G L^(r2x(5; R^) with w{x, y) dy = 0, 

there holds 

/ / f{u{x)+ w{x,y))dy = \u{x)\‘^ dx + / \w{x,y)\'^ dy dx. (5.31) 

JqJq Jn JqJq 

In view of ()5.31[l . for every r > 0, n G N, and Un G 

(^n) — / l'*^n(3^)| dx, 

Jn 

hence by classical lower-semicontinuity results (see,e.g., [131 Theorem 5.14]j, 

=^i/(R) > [ \u{x)\^ dx for every u G . (5.32) 

Jn 

If 0 G , i.e., divu = 0 (and hence 0 £ ^ for every n), then 




[u) = ( \u( 

Jn 


xA dx 


for every n and r, and choosing Un = u for every n in ()4.3I1 . we deduce that (15.3211 
holds with eguality. 

Strict ineguality holds in (I5.32|) if u G C'^ but divu ^ 0. Such fields exist, 
consider for example. 


i{x) := ( Q ^ ) for X Gil. 


Note that the map 


w{x,y) := 


a{y2)xi 

0 


for every {x,y) G II X Q 


satisfies w G C(f by (15.281) 

Assume by contradiction that there exists u G , with divrt ^ 0, such that 


JAs^{u) = / \u{x)(^ dx. 

Jn 


(5.33) 
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By the definition of there exists a sequence {rm} of real numbers such that 
= lim inf < liminf : Un ^ u weakly in 

m—>-+co L n—>-+cx) ^ ' 

For every m G N, let {m™} C L'^(kl-,W’‘) be such that 

u'ff ^ u weakly in ip.] 

as n ^ +00, and 

inf |liminf;F^“„.)(M„) : - ' ^ r2/r.. rod 

L n—>-+cxD ^ ' 

Then 


Ur, ^ U W' 


eakly in L^(r2;K“) -> liminf 

J rn n-j'+oo ' > 


u)= lim liininf 

m—f+co n—¥-\-cio ' ' 

and by a diagonal argument we can extract a subsequence {n{m)} such that, setting 


m . _ „,m 


U := U, 


n(m) ’ 


u)= lim TJl„{my){uP- 

m—)-+oo ^ ^ ’ 


(5.34) 


By (15.311) . for every m there exists Wm G ^ such that ||wm||A2(nxQ;R‘^) ^ ’’m 

and 

+ — > / [ fiu""ix)+w„i{x,y))dydx (5.35) 

t/ $*2 «/ 

= [ \u'^{x)\^dx+ f f \wmix,y)\‘^ dydx. 

J Q J Q. J Q 

Hence, in view of (15.331) . (15.341) and (15.35^ . 

f \u{x)\'^ dx = lim ( f |u™(a;)p(ix+ [ [ \wm{x, y)\'^ dy dx\ 

Jo, JaJo > 


and so 

and 


inJQ 

u™ —>■ u strongly in L^(n;R'^), 


(5.36) 


idm —5” 0 strongly in p X Q-,W^). (5.37) 

By (I5.29|) and the boundedness of the function a, properties (15.361) and (15.371) yield 
divM™ —>• 0 strongly in W~'^''^p) 

which in turn implies that divw = 0, contradicting the assumptions on u. 

We conclude that if u G C‘^ satisfies div u = 0, then 

= I \u{x)\^ dx, (5.38) 

Jn 

whereas if u G satisfies div u ^ 0, then 

■'^s/{u) > f \u{x)\^ dx. (5.39) 

Jn 

We now provide an explicit expression for the functional . We claim that for 
every u G there holds 


^s^{u)= f \u{x)\'^dx+ [ \4>^{x)\^ dx, 
J Q J Q 


(5.40) 
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where G L^{yi) is the unique function satisfying p(^(xi,X2) dxi = 0 for a.e. 

X2 G ( 0 , 1 ), and = —divM(x) in 

To prove (15.401) we first establish a preliminary lemma. 

Lemma 5.5. Let n G N, and let v G . Then 


inf 

\-Jq 


[ HxW 

Jq 


dx - 


a JQ 


|w(a;,2/)P dxdy 


(5.41) 


= [ \v{x)\'^dx+ [ \cj)2{x)\'^ dx, 

Jii Jii 

where p^{xi,X 2 ) dxi = 0 for a.e. X 2 G (0,1), and = —div4;(a;) in 

Proof. We recall that by (15.291) and (15.301) . w G C^(„.)(i^) if and only if 

/ w{x, y) dy = 0, for a.e. a: G fl, 

JQ 

■(^j a{ny 2 )wi{x,y) dy^ + dw v{x) = 0 in W“^’^(n), (5-42) 


'Q 

A 

dx 


dyi dy2 


By (j5.42l) , the map defined in the statement of Lemma 15.51 satisfies 


P^{x)= I^a{ny 2 )w,{x,y)dy- fAL a{ny2)wi (x, y) dy'^ dxi for 
Rewriting wi as 


a.e. X G Ll. 


we have 


and hence 


IQ jQ 

> 


wi{x,y) := a{ny2) / a(ny2)wi{x,y) dy + yw{x,y), 

JQ 

/ a{ny2)yw{x,y)dy = Q, 

Jq 

/ / \w{x,y)\‘^ dxdy = / \wi{x,y)\'^ dxdy + / \w2{x,y)\‘^ dx dy 

JqJq JqJq JqJq 

[ ( [ <x{ny2)wi{x,y)dy'\ dx + f f |?7„(x, y)^ dx dy 
Jq ^Jq ' Jq Jq 

j \ 4 >vi.x)\'^ dx + j (^j (^J a{ny2)wi{x,y)dy'^ dxi'j dx 

/ \A{x)\'^ dx for every w G C^(„.)(i;). 

Jq 


> 


In particular, we obtain the lower bound 


inf 

weC^(n.)(v) IJq 


f |x(x)pdx+ f f |u'(x,y)p dxdy > f |x(x)pdx+ f {x)\'^ dx. 

Jq Jq Jq Jq Jq 


Property (j5.41l) follows by observing that ()5.28p yields 

{a{ny2)Aix),0) gC^(„.)(x). 
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□ 


(5.43) 


Let u € C^. Arguing as in the proof of (15.391) there exist a sequence {um} C N, 
with Um —^ +00 as m —)■ +c», and sequences {«"*} C and {w™} C 

L^{Q X such that 

u"* ^ u weakly in L^(r 2 ;]R^), 
zo™ e 

and 

= lim < [ |u'"(a;)p da; + f f \w"^{x,y)\'^ dx dy\ 
m->-+oo ^ Jq J 

In view of Lemma 15.5L 

> limsup < f \u^{x)\'^dx+ f |((>’"(x)p da: >, 

m—S-+00 I JQ JQ I 


(5.44) 


where 


and 


/ (fi'^{xi,X 2 ) dxi = 0, for a.e. 3:26 ( 0 , 1 ), 

Jo 


d(j>"^{x) 

dxi 


= -diYuff{x) inW-^^‘^{n). 


(5.45) 


(5.46) 


Since u € C‘^, there holds < + 00 , and the sequence is uniformly 

bounded in L'^{Ll). Therefore there exists (f>^ € L‘^{n) such that, up to the extraction 
of a (not relabeled) subsequence, 

(j/^ (j)^ weakly in L^(ll), 


(5.47) 


where, by (j5.43p . (|5.45|) and (|5.46p . 


J ^(j) 2 {xi,X 2 )dxi =0 for a.e. X 2 e (0,1) 


and 


d<Puix) 

dxi 


= —divu{x) inW ^’^(H). 


In particular, by (j5.43|l and the lower semicontinuity of the L^-norm, 

■^s^{u)> f |M(a:)|^da;+ f \cj)2{x)f dx. 

J Q J Q 

To prove the opposite inequality, choose Un := u, Wn := {a{ny2)4i^{x),0) for every 
n G N. By Lemma \5.5[ for r big enough there holds 

^^(n.)(wn)= / |w(a;)pda;+ / \(l>^{x)\^ dx. 

Jn Jn 

The characterization (15.401) follows now by the definition of 


We conclude this example by showing that the functional is nonlocal. Indeed, 
assume by contradiction that is local. Then for every u G we can associate 
to IF si an additive set function ^^(u, •) on the class 0{fl) of open subsets of LI. In 
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particular, for every pair 172 C 17, with 17i CC 172 CC 17, and for every u G C‘^ 
in 17, there holds 

17) < 17 \ 17i) + 172 ). (5.48) 

Lat ^ 1,^2 € R, with ^ ^ 2 , and let e,S > 0 be such that e < 5 and S < ^ — s. 
Define 

17i := and 172 •“ ^^ ^■ 

Consider the function 


uo{x) := 


( 0^ ) ^ 

(t) 


otherwise in 17. 


We observe uq belongs to , since the map 

I ^ a{y2)£. 

wo{x,y) ■■= 


( a{y 2 )ii \ r ^ r, ^ n 
J if X GDi,y gQ, 


^ otherwise in D x Q, 


a(y2)6 

0 


satisfies wq € By (|5.38p . since divuo = 0 in there holds 




I Q\r2i 


|Mo(a;)| dx=(l- 4e )^2- 


(5.49) 


A direct computation yields 

(1-2e)(^i-^2) inDi 


"uo = <j2e(6-ei) 
0 


in [(0, i - e) U (i + e, 1)] X (i - e, i + e) 
otherwise in 17, 


and 


in SI, 

,si2 _ ) [(i _ £ _ ,5 i _ g) j (1 + £ i g ,5j] X (i - e, i + 

0 otherwise in 172. 


Therefore, 


and 


.^^{uo,n)= f \uoix)\‘^dx+ [ \(f^^{x)\‘^ dx 
Jq Jq 

= 4e^ei + (1 - 4e")el + 4e2(l - 2s){f, - 

■^sa{uo,n 2 )= [ \uo{x)\'^dx+ f \(l)2„ix)\‘^ dx 
J 0,0 J Qo 


= + 4J(J + 26)^2 + 


2 , 4£25(a - 


£ + (5 


(5.50) 

(5.51) 

(5.52) 

(5.53) 


Now (15.481) becomes 


As (1 — 2£)(a — a) a 4i5((5 + 2£)a + 


2, 4£2(5(a-a)' 


e + (5 
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for every s < ^ and S < ^ — e. Letting <5 —0 we get 

4e2(l-2e)(ei-6)"<0. 

Since ^ ^ 2 ; this contradicts the subadditivity o/^^('Uo,-) and yields the nonlo¬ 
cality of ^si- 
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